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Abstract

Very recently, a (fuzzy modal) logic to reason about coherent conditional probability, in the sense of de Finetti,
has been introduced by the authors. Under this approach, a conditional probability wu(- | -) is taken as a primitive
notion defined over conditional events of the form “¢ given ¥, g|y for short, where ¥ is not the impossible event.
The logic, called FCP(LIT), exploits an idea already used by H&jek and colleagues to define a logic for
(unconditional) probability in the framework of fuzzy logics. Namely, we take the probability of the conditional
event “¢|y’” as the truth-value of the (fuzzy) modal proposition P(¢ | %), read as “p|y is probable”. The logic
FCP(LIT), which is built up over the many-valued logic LH% (a logic which combines the well-known ELukasiewicz
and Product fuzzy logics), was shown to be complete for modal theories with respect to the class of probabilistic
Kripke structures induced by coherent conditional probabilities. Indeed, checking coherence of a (generalized)
probability assessment to an arbitrary family of conditional events becomes tantamount to checking consistency
of a suitably defined theory over the logic FCP(LIT). In this paper we provide further results for the logic FCP(LIT).
In particular, we extend the previous completeness result by allowing the presence of non-modal formulas in the
theories, which are used to describe logical relationships among events. This increases the knowledge modelling
power of FCP(LIT). Then, we improve the results concerning checking consistency of suitably defined theories in
FCP(LII) to determine coherence by showing parallel results w.r.t. the notion of generalized coherence when dealing
with imprecise assessments. Moreover we also show and discuss compactness results for our logic. Finally, FCP(LIT)
is shown to be a powerful tool for knowledge representation. Indeed, following ideas already investigated in
the related literature, we show how FCP(LIT) allows the definition of suitable notions of default rules which
enjoy the core properties of nonmonotonic reasoning characterizing system P and R.
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Reasoning.

1 Introduction: conditional probability and fuzzy logic

Probability theory is certainly the most well-known and deeply investigated formalism
between those that aim at modelling reasoning under uncertainty. Such a research has had a
remarkable influence also in the field of logic. Indeed, many logics which allow reasoning
about probability have been proposed, some of them rather early. We may cite [3, 13, 14, 17,
18, 25, 30, 37-43] as some of the most relevant references. Besides, it is worth mentioning
the recent book [27] by Halpern, where a deep investigation of uncertainty representations
(not only probability) and uncertainty logics is presented. In general, all the above logical
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2 Coherent conditional probability in a fuzzy logic setting

formalisms present some kind of probabilistic operators but all of them, with the exception
of [18], are based on the classical two valued-logic.

An alternative treatment, originally proposed in [23] and further elaborated in [22] and in
[20], allows the axiomatization of uncertainty measures in the framework of fuzzy logic. The
basic idea is to consider, for each classical (two-valued) proposition ¢, a (fuzzy) modal
proposition Pg, which reads ‘“¢ is probable’”, and taking as truth-degree of Pg the
probability of ¢. Then one can define theories about the Pg’s over a particular fuzzy logic
including, as axioms, formulas corresponding to the basic postulates of probability theory.
The advantage of such an approach, with respect to the previously mentioned ones, is that
algebraic operations needed to compute with probabilities (or with any other uncertainty
model) are embedded in the connectives of the many-valued logical framework, resulting in
clear and elegant formalizations.

In reasoning with probability, a crucial issue concerns the notion of conditional probability.
Traditionally, given a probability measure u on an algebra of possible worlds W, if the agent
observes that the actual world is in A € W, then the updated probability measure wu(- | A),
called conditional probability, is defined as w(B| A) = uw(BN A)/u(A), provided that
u(A) > 0. If u(A) =0 the conditional probability remains then undefined. This yields both
philosophical and logical problems. For instance, in [20] where the logic FP(LIT) is presented,
conditional probability statements are handled by formulas P(g¢ | ) which denote an
abbreviation for Py —p P(p A ¥). Such a definition exploits the properties of Product logic
implication — g, whose truth function behaves like a truncated division:

1, if e(®) < e(¥
A®—n¥) = { W)/ (D), oo
However, with such a logical modelling, whenever the probability of the conditioning event x
is 0, P(¢ | x) takes as truth-value 1. Therefore, this yields problems when dealing with zero
probabilities. Two well-known proposals which aim at solving this problem consist in either
adopting a non-standard probability approach (where events are measured on the hyper-real
interval [0, 1] rather than on the usual real interval), or in taking conditional probability as a
primitive notion. In the first case [26, 28, 33], the assignment of zero probability is only
allowed to impossible events, while other events can take on an infinitesimal probability. This
clearly permits to avoid situations in which the conditioning event has null probability. The
second approach (that goes back to de Finetti, Rényi and Popper among others) considers
conditional probability and conditional events as basic notions, not derived from the notion
of unconditional probability, and provides adequate axioms. Coletti and Scozzafava’s book
[10] includes a rich elaboration of different issues of reasoning with coherent conditional
probability, i.e. conditional probability in de Finetti’s sense. We take from there the following
definition.

DerintTION 1.1 ([10])

Let G be a Boolean algebra and let B C G be closed with respect to finite unions (additive
set). Let B” = B\ {#}. A conditional probability on the set G x B” of conditional events,
denoted as E|H, is a function u : G x B” — [0, 1] satisfying the following axioms:

(1) w(H| Hy=1, for all H € B
(2) u(- | H) is a (finitely additive) probability on G for any given H € B’
(3) W((ENA | H)y=uwE|H)-w(A| ENH), forall Ac Gand E,H,ENH € B°.
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Two different logical treatments based respectively on the above two solutions have been
recently proposed, both using a fuzzy logic approach as the one mentioned above. In fact,
they both define probability logics over the fuzzy logic LH%, which combines the well-known
Lukasiewicz and Product fuzzy logics. In [15] Flaminio and Montagna introduced the logic
FP(SLIT) whose models include non-standard probabilities. On the other hand, we
introduced in [36] the logic FCP(LIT) in whose models conditional probability is a primitive
notion. FCP(LIT) is equipped with a modal operator P directly defined over conditional
events of the form ¢|x. Unconditional probability, then, arises as non-primitive whenever the
conditioning event is a (classical) tautology. The obvious reading of a statement like P(¢ | x)
is “the conditional event ‘¢ given x’’ is probable”. Similarly to the case mentioned above,
the truth-value of P(p | x) is given by the conditional probability wu(e | x). A completeness
result of FCP(LIT) with respect to a class of Kripke structures suitably equipped with a
conditional probability is shown in [36]. Moreover, it is also shown that checking the
coherence of an assessment to a family of conditional events, in the sense of de Finetti, Coletti
and Scozzafava', is tantamount to checking consistency® of a suitably defined theory in
FCP(LIT).

In this paper, after this introduction, we provide in the next section the necessary
background notions about the fuzzy logic LH%. In the third and fourth sections we present
the logic FCP(LIT), we review its semantics, solving some technical problems in [36], and we
enhance the completeness result given in [36]. Indeed, in that paper completeness was proved
with respect to (finite) modal theories, i.e. theories only including modal (probabilistic)
formulas. Although they are the most interesting kind of formulas, this clearly restricted the
type of deductions allowed. In Section 4, we provide completeness results for general (finite)
theories, i.e. theories including both modal and non-modal formulas, and adapted to the
modified semantics. This will allow to represent logical relationships between events in the
theories. In Section 5, we will be concerned with coherence of both precise and imprecise
assessments of conditional probability. Starting from the result in [36] which makes explicit
the link between coherence of rational assessments and theories in our logic, we prove that
such a result can be generalized so as to deal with imprecise assessments of probability, i.e. all
those situations in which we cannot provide but lower (or upper) bounds for the assessments.
We also see how to capture the concepts of lower and upper coherent conditional
probabilities presented in [10] under our framework. Moreover, in Section 6 we generalize a
result obtained by Flaminio [16] on the compactness of our logic for coherent assessments,
and we discuss a different approach to obtain similar compactness results. To conclude, in
Section 7 we show that FCP(LIT) is a powerful tool from the knowledge representation point
of view. Indeed, many complex statements, both quantitative and qualitative, concerning
conditional probabilities can be represented, as well as suitable notions of default rules which
capture the core properties of nonmonotonic reasoning carved in system P and in some
extension.

'Roughly speaking, an assessment to an arbitrary family of conditional events is called coherent when it can be
extended to a whole conditional probability [10].

2Notice that this is just a formal equivalence with no aim of providing a study of computational complexity of the
coherence test of conditional probabilities.



4 Coherent conditional probability in a fuzzy logic setting

2 Preliminaries: the LH% logic

The language of the LIT logic is built in the usual way from a countable set of propositional
variables, three binary connectives — ; (Lukasiewicz implication), ® (Product conjunction)
and —p (Product implication), and the truth constant 0. A truth-evaluation is a mapping e
that assigns to every propositional variable a real number from the unit interval [0, 1] and
extends to all formulas as follows:

e(0) =0, elp 1 ) = min(l — e(g) + e(¥), 1).
dpOY) = e9)- e¥), ely —n ¥) = { i@) 1o, ftggfgviee(‘”.

The truth constant 1 is defined as ¢ — ¢. In this way we have e(1) =1 for any truth-
evaluation e. Moreover, many other connectives can be defined from those introduced above:

- is ¢—0, -ng s ¢ —>no,
eAY dis @&l =L V), VY s (Lo A—LY),
p®Y s T —>L Y, e&yr s (e @ L),
POy is ¢&—LY, p=y is (¢ =L V&Y —1 9),
Ap is —nTLe, Vo is —n—ne,

with the following interpretations:

1, if e(p) =0
e(—rp) =1 —elp), e(—ny) = {0, otherwise
e(p A ) = min(e(p), e(¥)), e(p Vv ) = max(e(p), e(V)),
e(p ® ¥) = min(1, e(p) + e(y),  e(p&y) = max(0, e(p) + e(y) — 1),
e(p © ¥) = max(0, e(p) — e(¥), elp=1vy)=1—lelp) — eyl

1, if e(p) =1 1, if e(p) >0
A == V =
dae) {O, otherwise Vo) 0, otherwise

The logic LIT is defined Hilbert-style as the logical system whose axioms and rules are the
following®:

(1) Axioms of Lukasiewicz Logic:
(L) ¢ > (¥ =1L 9)
L£2) (¢ =1 V) > (Y =1 0) =1 (@ =1 X)
(£3) (mro =1 =) 1 (¥ =L @)
(L) (0= ¥) >0 ¥) > (V —>L9) > @)
(2) Axioms of Product Logic™:
(Al) (¢ =n ¥) =>n (¥ =0 x) >n (@ —>n x)
(A2) (pOY) >n ¢
(A3) (¢ O ¥) >n (YO 9)

This definition, proposed in [8], is actually a simplified version of the original definition of LIT given in [17].
*Actually Product logic axioms also include axiom A7 [0 =1 ¢] which is redundant in EIT.
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(A4) (pO(p—n¥) =»n WO (¥ —n9)

(Aba) (¢ = (¥ =n x) »>n (9O ¥) > x)

(A5b) (¢ ©¥) —n x) =»n (@ —n (¥ —n X))

(A6) (¢ =>n¥) —»n x) >n (¥ >ne) —nx) —nx

(M1) =p—=nx =n (O x) »n (YO X)) —n (¢ —n V)
(M2) ¢ A=ng —n 0

(3) The following additional axioms relating Lukasiewicz and Product logic connectives:
(=) ~ng =1~
(D) Alp > ¥) = Al —n )
(LMoo =woy)o(podx)

(4) Deduction rules of LIT are modus ponens for —; (modus ponens for —p is derivable),
and necessitation for A: from ¢ derive Ag.

The logic LH% is the logic obtained from LIT by expanding the language with a
propositional variable % and adding the axiom:

DO |

1.1
LIlo) —=-
XMy ="

Obviously, a truth-evaluation e for LIT is easily extended to an evaluation for Ll'[% by further
requiring e(%) = %

From the above axiom systems, the notion of proof from a theory (a set of formulas) in
both logics, denoted Fy and o} respectively, is defined as usual. Strong completeness of
both logics for finite theories with respect to the given semantics has been proved in [11].
In what follows we will restrict ourselves to the logic LH%.

THEOREM 2.1
For any finite set of formulas T and any formula ¢ of LH%, we have T + o ¢ iff e(¢p) = 1 for
each truth-evaluation e which is a model® of T.

As it is also shown in [11], for each rational r € [0, 1] a formula 7 is definable in LH% from
the truth constant % and the connectives, so that e(7) = r for each evaluation e. Therefore, in
the language of LI} we have a truth constant for each rational in [0, 1], and due to
completeness of LH%, the following book-keeping axioms for rational truth constants are
provable:

min(1,1 —r+ s),

(RLM1) —y7=1-—7r, (RLII2) T
T T =pS,

T
(RLTI3) 7O@s=735 (RLI4)

LS
S

—
%l—[

where r =p s=1if r < s, r =p s = s/r otherwise.

3 A logic of conditional probability

In this section we describe the fuzzy modal logic FCP(LIT) ~FCP for Fuzzy Conditional
Probability—, built up over the many-valued logic LH% described in the previous section.
In what follows, given a set D C £ of non-modal formulas, we will denote by Con(D) the

"We say that an evaluation e is a model of a theory T whenever e(y) = 1 for each ¥ € T.
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set of non-modulas formulas ¢ which follow from D in Classical propositional logic.
Furthermore, Taut(£) C £ will denote the set of classical tautologies and Sat(L) C L
the set of (classically) satisfiable formulas. In other words, Taut(£) = Con(¥f) and
Sat(L) ={g | ~¢ & Con(h)}.

The language of FCP(LII) is defined in two steps:

Non-modal formulas: they are built from a set V of propositional variables
{p1,p2,.... Pn, ...} using the classical binary connectives A and —. Other connectives like
Vv, — and <> are defined from A and — in the usual way. Non-modal formulas (we will also
refer to them as Boolean propositions) will be denoted by lower case Greek letters ¢, ¥, etc.
The set of non-modal formulas will be denoted by L.

Modal formulas: they are built from elementary modal formulas of the form P(¢ | x),
where ¢ and x are non-modal formulas with x € Sat(£), using the connectives of LIT (=, &,
®, =, etc.) and the truth constants 7, for each rational r € [0, 1]. We shall denote them by
upper case Greek letters @, W, etc. Notice that we do not allow nested modalities.

DErINITION 3.1
The axioms of the logic FCP(LIT) are the following:

(1) The set Taut(L) of tautologies of classical propositional logic
(2) Axioms of LITL for modal formulas
(3) Probabilistic modal axioms:

(FCP1) Plo— v | x) = (Pe|x) =1 Pl x)

(FCP2) P(=¢ | x)=—rP(el| x)

(FCP3) Plevylx) =P x) =L Py x)—LPWlx
(FCP4) Plony | )=PWlonx)O Pl x)

(FCP5)  P(x | x)

Deduction rules of FCP(LIT) are those of LIT (i.e. modus ponens and necessitation for A),
plus:
(4) necessitation for P: from ¢ derive P(¢ | x)
(5) substitution of equivalents for the conditioning proposition:
from x <> ¥/, derive P(¢ | x) = P(¢ | ')

REMARK

The restriction imposed in the definition of elementary modal formulas that x in a formula
P(¢ | x) must belong to Sat(£) is implicitly assumed in all the above axiom schemes and
rules.

Due to the peculiar definition of the language, any theory (set of formulas) will be of the kind
I' = DU T, where D contains only non-modal formulas and 7 contains only modal formulas.
Notice that in the above axioms and rules, there is no interplay between both kinds of
formulas except for the inference rules of necessitation and substitution of equivalents, which
allow the derivation of modal formulas from non-modal ones (but not vice-versa). Therefore,
given an initial theory I' = D U T, reasoning on non-modal formulas does not play an actual
role in deductions from I', but it is just a way of generating new modal formulas to be
considered with 7. On the other hand, in proofs from I', we want to avoid the application of
the above inference rules yielding modal formulas with conditioning events contradictory
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with D, since they would easily lead to inconsistencies. As an example, if D = {—p}, where p
is a propositional variable, then from D one could derive P(—p| p) by applying the
necessitation rule, which is in clear contradiction with P(p | p), an instance of axiom (FCP5).
Therefore, we are led to define in FCP(LIT) the notion of proof from a theory, written pep,
in a non standard way, at least when the theory contains non-modal formulas. In what follows
D denotes a propositional theory, T'a modal theory, ¢ a non-modal formula and ® a modal
formula.

DEFINITION 3.2
The proof relation pcp between sets of formulas and formulas is defined by:

(1) DU T Fpep @ if ¢ € Con(D)
(2) Tkpep @ if @ follows from T in the usual way from the above axioms and rules.
(3) DUT Fpep @ if TU DP Fpep @,

where DP ={P(¢| x): ¢ € Con(D), —x & Con(D) and x appears as conditioning in
subformulas of @}

Notice that the general lateral condition for all modal formulas that x € Sat(L£), as well as the
conditions ¢ € Con(D) and —x € Con(D) for the consequence relation, are decidable, so the
notion of proof is well-defined.

ExamvpLE 3.3

As an example of deduction, we show how to prove that conditional probability preserves
classical equivalence, i.e. that ¢ <> ¥ Fpep Pl | x) = P(¥ | x), where x € Sat(£). From
D = {¢ < ¥}, by definition of D, we get P(¢p <> ¥ | x) € D, hence we derive it. Now, since
(p<¥)—>(p— ) is a Boolean tautology, by necessitation we obtain
P((p < V) — (¢ — ¥) | x). By applying FCP1 and modus ponens with P(¢ <> ¢ | x) we
derive P(¢ — v | x), and again by FCP1 and modus ponens we get P(¢|x) — 1 P(¥]x).
Similarly, starting from (¢ <> ¥) — (¢ — @), we derive P(Y¥/|x) — 1 P(¢|x) as well. Finally,
by reasoning in LIT we derive (P(¢|x) — 1 P(¥|x)&(P(¥|x) — 1 P(plx)), hence we have

shown ¢ < ¥ pep P(e | x) = P(Y¥ | x).

The semantics for FCP(LIT) is given by conditional probability Kripke structures
M = {(W.,U, e, u), where:

e Wis a non-empty set of possible worlds.

e ¢: Vx W— {0,1} provides for each world a Boolean (two-valued) evaluation of the
propositional variables, that is, e(p, w) € {0, 1} for each propositional variable p € V and
each world w e W. A truth-evaluation e(-, w) is extended to Boolean propositions as
usual. For a Boolean formula ¢, we will write [¢]y, = {w e W | e(p, w) = 1}.

o u:UxU"—[0,1] is a conditional probability over U x U°, where U is a Boolean
algebra of subsets of W°, U = U\{#}, and such that ([¢]y, [x]y) is u-measurable for all
non-modal ¢ and x (with [x]y # 9).

e ¢(-, w) is extended to elementary modal formulas by defining

e(P(p | 0, w) = ullelw | Xw)s if Ddw # 9

“Notice that in our definition the factors of the Cartesian product are the same Boolean algebra. This is clearly a
special case of what is stated in Definition 1.1.
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and we leave e(P(¢ | x), w) undefined otherwise’. Then e is extended to arbitrary modal
formulas, when possible, according to LH% semantics, that is:

e(r,wy =
a(® -, Y, w) = min(l— e(P,w)+ e(V, w), 1),
(PoOovV,w) = ed,w)- eV, w),
1, if e(®, w) < e(V, w)
ea(d - VY, w) = { . .
e(V, w)/e(d, w), otherwise

We call a Kripke structure M = (W, U, e, u) safe for a formula @ if e(P, w) is defined for
every world w. Trivially, any Kripke structure is safe for all non-modal formulas. If @ is
modal and M is safe for it, then observe that the truth-evaluation e(®, w) depends only on the
conditional probability measure p and not on the particular world w. In this case, we will also
write eM(®) to denote e(®, w) for any w e W.

If M is safe for @, then we say that M is a model for ®, written M | ®, if e (®) = 1. If T'is
a set of formulas, we say that M is a model of T'if M is safe for all formulas in T'and M | @
for all ® € T.

REMARKS

(1) M =(W,U,e, ) is safe for P(p | x) iff [x]y # @ iff M (£ —y
(2) M =(W,U,e, u) is safe for a modal formula @ iff M is so for every elementary modal
subformula of ®.

The notion of logical entailment relative to a class of structures M, written |, is then
defined as follows:

T Em @ iff M E @ for each M € M model of T which is safe for ®.

If M denotes the whole class of conditional probability Kripke structures we shall write
T Erpcop ®. When [y @ holds we will say that @ is validin M, i.e. when ® gets value 1 in all
structures M € M safe for ®.

REMARK
Eu @ does not mean e(®) =1 in each structure M € M, but only in those structures
which are safe for ®.

LEmma 3.4
Axioms FCP1-FCP5 are valid in the class of conditional probability Kripke structures.

Proor. The proof is very similar to the one given in [22](8.4.5) for unconditional probability.
Let M =(W,U, e, u) be a conditional probability structure which we will subsequently
assume below to be safe for the different formulas corresponding to (instances of) the axioms.

"This possibility of having the evaluation of a modal formula as undefined, and its consequences, was
missing in [36].
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Then it is easy to check that the validity of each axiom in M amounts to a corresponding
property of u: (FCP3), (FCP4) and (FCP5) directly correspond to the three axioms of
conditional probability given in Definition 1.1. Actually, the validity of (FCP3) amounts
to the additivity of w(-|[x]y). The cases of (FCP4) and (FCP5) are obvious. The
case of (FCP2) is also a consequence of the additivity of wu(-|[x]y). As for (FCP1), if
we simply write u(e | ¥) for w((ely | [¥]y) and z = y for min(l — x4+ y, 1), it amounts
to check wle—> ¥ x) <melx)=un®@lx). Put weny|x)=a woeAn=y|x) =0
and w(—@AY¥|x)=c. Then we have wule—>v|x)=1—>b<min(l—>b+c1)=
min(l — (b+a)+(c+ a), 1) = ple | x) = w | x)- u

Lemma 3.5
The FCP(LII) inference rules preserve validity in a model.

Proor. We need to check that the rule of substitution of equivalents and the necessitation
rule for P preserve validity in a model. Namely, let M = (W,U, e, u) be such that
M E x < x and M is safe for P(¢ | x) and P(¢ | x). Then, [x]y = [x1w # @ and hence
obviously e(P(¢ | x), w) = e(P(¢ | x'), w) for all we W, that is, M = P(g | x) = P(¢ | x).
As for the necessitation rule, if we assume M | ¢ and M is safe for P(¢ | x), then [¢]y = W
and [x]y # @, hence e(P(¢ | x), w) = 1, that is M | P(¢ | x). |

The two preceeding lemmas are the basis for the following soundness result.

ProposiTION 3.5 (Soundness)
The logic FCP(LIT) is sound with respect to the class of conditional probability Kripke
structures, i.e. if I' Frep @ then T' Epep .

Proor. Assume I' Fpop @ and recall Definition 3.2. If ® is non-modal it is obvious, thus
assume @ is modal. Now, let us assume I" to be modal. Then, by lemmas 3.4 and 3.5, we also
have T Epcp ®@. Finally, let T'=DU T where D is non-modal and 7T modal. Let
M = (W,U, e, ) be such that M E DU T and M is safe for ®, we have to show that
M | ®. Since M is safe for @, it means that [x]y # @ for every x in atomic modal formulas
P(- | x) appearing in ®. On the other hand, since M £ D, then [¢]y, = W for every
¥ € Con(D). This means that M £ D, hence M = T U D”. But now T U D” is a modal
theory, hence M | @ as well. |

4 Extended completeness for FCP(LIT)

The completeness result for FCP(LIT) shown in [36] only considers (finite) modal theories,
that is, theories involving only probabilistic formulas. However it is worth considering
theories also including non-modal formulas since they can allow us to take into account
logical representations of the relationships between events. For instance, if ¢ and ¢ represent
incompatible events, we may want to include in our probabilistic theory the non-modal
formula —(p A ¥), or if the event represented by v is included in ¢ then we may need to
include the formula ¢ — ¢.

Let D C L be any given non-modal (propositional) theory (possibly empty). For any
o, W € L, define ¢ ~p ¢ iff ¢ <> ¢ follows from D in classical propositional logic, i.e. if
¢ <> Y € Con(D) . The relation ~p is an equivalence relation in £ and [¢], will denote the
equivalence class of ¢. Obviously, the quotient set £/ forms a Boolean algebra which is
isomorphic to a subalgebra B(2p) of the power set of the set Qp of Boolean interpretations
of the crisp language £ which are model of D®. For each ¢ € £, we shall identify the
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equivalence class [¢] with the set {w € Qp | w(p) = 1} € B(22p) of models of D that make ¢
true. We shall denote by CP(D) the set of conditional probabilities over £/, x (£/., \[L])
or, equivalently, on B(€2p) x B(Qp)".

Notice that each conditional probability wu € CP(D) induces a conditional probability
Kripke structure (Qp, B(2p), e, ) where e, (p, w) = w(p) € {0,1} for each w € Q2p and each
propositional variable p. We shall denote by M p the class of probabilistic Kripke structures
which are models of D, by CP(D) the class of conditional probabilities defined on
B(Q2p) x B(2p)’, and by CPS(D) the class of probabilistic Kripke models
{(2p, B(R2p), ey, 1) | 1 € CP(D)}. Obviously, CPS(D) C Mp.

Abusing the language, we will say that a conditional probability u € CP(D) is a model of a
modal theory 7T whenever the induced Kripke structure (2p, B(2p), €., 1) is a model of T
(obviously (€2p, B(2p), e, 1) is a model of D as well).

Given the above notions, we now prove the probabilistic completeness of FCP(LIT) with
respect to finite arbitrary theories, hence extending the result given in [36] for modal
theories.

THeOREM 4.1 (Extended finite probabilistic completeness of FCP(LIT))

Let T 'be a finite modal theory over FCP(LIT), D a finite propositional theory and ® a modal
formula with the following constraint: any modal formula P(¢ | x) appearing (as subformula)
in T'U {®} is such that —=x & Con(D). Then T'U D Fpcp ® iff ¢,(P) = 1 for each conditional
probability u € CP(D) model of T.

Proor. Soundness is clear (see Proposition 3.6). For completeness, the proof below is an
adaptation of the proof of [36, Th.2], which in turn follows [20, 22]. The basic idea consists in
transforming modal theories over FCP(LII) into theories over LIT} and then taking
advantage of the LH%—completeness.

Define a theory over LH%, called F, as follows:

(1) take as new propositional variables, variables of the form f,,, where ¢ and y are classical
propositions from £ and x € Sat(L)

(2) take as axioms of the theory the following ones, for each ¢, ¥ and y:

(F1) fyy, for ¢ € Con(D) and yx such that —x & Con(D)
) foix = fory, for any x, x' € such that —x,—x' & Con(D), x < x' € Con(D)
) Jo—vix =1 Uolx =L Juin)s
) fw\x = walxv
) Jovuix = (Uoix = L Jorvi) =1 fuidds
) wa//\x = fw\«%x O fwlx

where in all formulas of the kind fy,, it is assumed that x € Sat(L).

Define a mapping * from FCP(LIT) modal formulas to LH% -formulas as follows:
(1) (P(‘p | X))* = fw\x
(2) ™=T
(3) (PoW)' =0* oW foroe{& —1, O, —nl

SActually, B(2p) = {{w € Qp | w(p) =1} | ¢ € L}. Needless to say, if the language has only finitely many
propositional variables then the algebra B(€2p) is just the whole power set of Qp, otherwise it is a strict subalgebra.
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Let us denote by T* and (D)* the set of all translated formulas from T'and D" respectively.
Then, by the construction of F and (D”)*, one can easily check that for any ®,

TUDkrep @ iff TFUF U(D")" by @ 1)

Notice that in a proof from 7% U F U (D¥)* the use of instances of (F1) and (F2) corresponds
to the use of inference rules of necessitation for P and of substitution of equivalents in
FCP(LII), while instances of (F3) — (F7) obviously correspond to axioms (FCP1) - (FCP5)
respectively.

Now we prove that the semantical analogue of (1) also holds, that is,

TUD Erep ®iff T*UF U(DF) Eypy . ®)

Assume T* U F U (DF)* £ ol ®*. This means that there exists an Ll'[ evaluation e which
is model of T* U F U (DP)* such that e(®*) < 1. We show that there 1s a Kripke structure
M, = (2p, B(R2p), €, ite) which is a model of T'U D, safe for ® and M, (£ ®. Define:

we : B(Qp) x B(2p)" — [0,1] as follows:
Me([ﬁl’]gu | [X]QU) = e(fwlx)-

for each ¢, x € L such that —x ¢ Con(D) (hence [x]g, # ¥).
e ¢(p, w) = w(p) for each propositional variable p

Since by hypothesis e is a model of F, it is easy to see that u. is indeed a conditional
probability. Moreover, so defined, M, is clearly a model of D, it is safe for all formulas of
T U{®} (because of the precondition in the theorem) and moreover, by construction,
(Y, w) = e(¥*) for any modal formula W € T'U {®}, hence ¢ (¥, w) =1 for all ¥ e T and
e(®,w) < 1. Thus, M, = T but M, £ ®.

Conversely, assume T U D ppep @, that is, assume there is a conditional probability
Kripke structure M = (W,U, e, ) which is a model of T'U D (hence safe for T), safe for ®
but M} ®. Thus, M is also a model of D" since for each P(¢ | x) € D, [l = W and
[x]w # @ and hence u([¢]yw | [x]w) = 1. We show that there also exists an Ll'[%—evaluation Vg
model of T*U F U (DF)* such that vy (¥*) = e(W, w) for each modal formula W and each
w € W. To do this, take an arbitrary w € W, and define:

om(p) = e(p, w),
_ | ePle 1) = nlelw | Ddw). i [xlw # 9
'UM(fw\x) = .

arbitrary, otherwise

Clearly wvy(¢) =1 for each ¢ € D, and vy, is a model of axioms F1 — F7 since u is a
conditional probability. Finally one can easily check that for each modal formula ¥ € 7 U D”
we have vy (W*) = e(W, w) since this value is defined (M is safe for T'U {®}, hence also
for D" ), and moreover it only depends on u. Therefore vy (¥*)=1 for
every W* e T*UF U(DP)* but vy(®*) <1, as desired. Hence we have proved the
equivalence (2).
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From (1) and (2), to prove the theorem it remains to show that
T*UF U (D" by @ iff T*UF U(D") fppy &%

Note that LH% is strongly complete but only for finite theories. Here the initial theories Tand
D are finite, so is T*. However F contains infinitely many instances of axioms F1 — F7 and
(DP)* also contains infinitely many formulas since Con(D) is so. Nonetheless one can prove
that such infinitely many formulas can be safely replaced by only finitely many, by using
propositional normal forms, following the lines of [22, 8.4.12].

Indeed, take n propositional variables py, ..., p, containing at least all variables in 7'U D.
For any formula ¢ built from these propositional variables, take the corresponding
disjunctive normal form (¢)y,,. Notice that there are only finitely many different such
formulas. Then, when translating a modal formula & into ®*, we replace each atom f,, by
f@) g0, to obtain its normal translation @, .. The theory T}, is the (finite) set of all ¥y, -
with W € T, and (Dp)fmf is the (finite) set of all vy, with W e DP. The theory F ing is the
finite set of instances of axioms F1 — F7 for disjunctive normal forms of Boolean formulas
built from the propositional variables pi,...,p,. We can now prove the following
equivalences:

(1) T"UFu (DZ): l_Ll'l% o lff T;nf U fdnf U (D];);lknf l_Ll'l% q)tinf‘
(ii) T*UF U (D) 'ZLng O iff T3, U Fang U (D7) g ':Lng D7

The proof of (i) and (ii) is similar to that provided in [22, 8.4.13]. Finally, we obtain the
following chain of equivalences:

TUDFpep @ iff T*UFU(D") Fypy @ by (1)
it T3, U F gy U (DP)’gnf Frm @5, by (i) above
iff 5, U Fans V(D)5 Frmy @y by EIT5 — finite strong compl.

iff T*UFuU(Dh)* ':Ll'l% o* by (ii) above
ifft TUD ':F(;p ) by (2)
This completes the proof of the theorem. |

Similarly to the case of modal theories (see [36]), we have the following interesting types of
deduction. If T is a finite (modal) conditional theory over FCP(LII), D is a propositional
(non-modal) theory, and ¢ and x are non-modal formulas, with —x & Con(D), then we have:

(i) TUDFpep 7 — P(p| x) iff w(e | x) > r, for each conditional probability u € CP(D)
model of T

(il) TUDkFpgep P(p| x) — 7 iff u(e | x) < r, for each conditional probability u € CP(D)
model of T.

ExamvpLE 4.2
As examples of interesting deductions with propositional theories, consider the following
ones.

~ ¥ = ¢krep Ple| ), for ¢ € Sai(L).
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Indeed, by the necessitation rule ¥ — ¢ Fpep P( — ¢ | ¥), and by axiom (FCP1),
¢ = Y pep P(W | ) =1 P(e | ¥). Finally, using axiom (FCP5) and modus ponens we
get ¥ — @ rep Ple | ).

— Let T be a probabilistic theory. If T+ P(¢ | ¥ A x) then T U {x} Frcp P(¢ | ¥). In fact,
assume T Fpep P(e | ¥ A x), hence T U {x} Frep P(@ | ¥ A x) as well. Clearly, by the
necessitation rule T U{x}tFpep P(x|¢¥), and now by axiom (FCP4)
TU{x} Frep Pl A x| ¥). Since ¢ A x — ¢ is a Boolean tautology, by the necessitation
rule we have Fpop P(@ A x = ¢ | ¥), and by axiom (FCP1) and modus ponens we get
Frop P(o A x| ) =1 P(e| x), and finally by modus ponens with P(p A x | ¥) we get

TU{x} Frep Ple | ).

5 Consistency, coherent assessments and lower conditional
probability

Following de Finetti’s research, one of the most important features of the conditional
probability approach developed by Coletti and Scozzafava in [10] is based on the possibility
of reasoning only from partial conditional probability assessments to an arbitrary family of
conditional events (without requiring in principle any specific algebraic structure). However,
it must be checked whether such assessments minimally agree with the rules of conditional
probability. This consists in requiring that an assessment can be extended at least to a proper
conditional probability over U x U, where U is the whole Boolean algebra generated by
those conditional events, and it is called coherence.

First of all, we need to stress out the relationship between Coletti and Scozzafava’s
framework and our logical framework FCP(LIT). In [10], the authors use a set-
theoretical language and speak about conditional events as pairs of the form FE|H, where
E and H are basically considered as sets in a (possibly indeterminate) Boolean algebra. Here
we model conditional events as pairs ¢|y where ¢ and v are propositions. So, when dealing
with sets of conditional events, possibly implicit relationships between (simple) events as sets
(e.g. inclusion, incompatibility) need to be explicitly modelled in our framework in a separate
way by means of a set of formulas relating the propositions defining the conditional objects.
Accordingly, a family of conditional events in [10]’s framework corresponds to a family
C ={; | xi}ie; of conditional objects together with an associated propositional theory De
standing for the (possible) logical relationships among the ¢;’s and ¥;’s (see Example 5.3).
As usual, we also assume that the conditioning propositions x,’s are not in contradiction with
the theory Dg, i.e. we assume —y; & Con(De) for all 7 € I. In what follows we will exploit this
parallelism to rephrase some results of [10] in our language.

DermNtTION 5.1 (Coherence [10])

A probabilistic assessment «:C — [0,1] over a family of conditional events
C=A{¢il xi:i=1,...,n} is coherent if there is a conditional probability @ on
B([D¢]) x B([D¢])’, in the sense of Definition 1.1, such that «(g; | x;) = u(e; | xi) for all
1=1,...,n.

An important result by Coletti and Scozzafava is the characterization of the coherence of
an assessment in terms of the existence of a suitable class of simple (non-conditional)
coherent probabilities. Indeed, it is shown in [10] that given a set of conditional events, any
coherent assessment over such a set can be represented by a family of classical conditional
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probabilities each of them generated by a class of simple assessments, each one defined over
subsets of the atoms of the algebra (see [10, Th. 4]).

In [36] we showed that the notion of coherence of a probabilistic assessment (restricted to
rational values) to a set of conditional events is tantamount to the consistency of a suitably
defined theory over FCP(LIT)”.

THEOREM 5.2 ([36])

Let « be a rational assessment to a family of conditional events C = {¢; | x;: i =1,...,n}. Let
a; =«(p; | xi), for di=1,...,n. Then « is  coherent iff the  theory
Te={P(p;| x))=0o;:i=1,...,n}U D¢ is consistent in FCP(LIT), i.e. T, U D¢ Hrop 0.

ExampLE 5.3
Suppose you are calling your friend Sally at her cell phone and consider the following events:

@: Sally hears the phone ringing
¥ Sally is out

x: The cell phone is at home

p: Sally answers the call

You know Sally’s apartment is small so it is easy for her to hear the phone when ringing,
and it is usually the case that if she does not answer it is because she has forgotten to take the
cell phone when she is going out. This allows you, considering the set of conditional events
C ={¢|=¥, ¥ A x|—p}, to make the following conditional probability assessment
k:C—[0,1], with «(¢ | =) = 0.9,k( A x | =p) = 0.7. On the other hand, it is clear that
if Sally is out, and she has left her cell phone at home, she cannot hear the phone ringing, and
hence she cannot answer the call either. In other words, this means that if ¥ and x are true
logically implies that ¢ cannot be true, and this in turn implies that p that cannot be true.
All this information is modelled in our logic FCP(LIT) by both the modal theory

T, ={P(p| =) =0.9,P(y A x | =p) = 0.7}
and the propositional theory
De={yAx— —p.p— ¢},

the latter making explicit the implicit relationships among the events (assuming these are all
we know). The coherence of the assessment « is then equivalent to the consistency of the
theory T, U D¢ in the logic FCP(LII), i.e. to the fact that T, U D¢ l/pcp 0. Notice that the
consideration of the non-modal theory D¢ together with the probabilistic (modal) theory T
is very important, for instance from T, U D¢, we can derive in FCP(LII) formulas like
P(p | =p) =1 0.3 or P(p | =) = 0.9, which we cannot derive from T, alone.

Sometimes, we might not be able to assess precise conditional probability values
for a family of conditional events, but we can rather provide just a vector of lower (or upper)
bounds for those values. In such situations where we have to deal with imprecise

A very similar result was provided by Flaminio and Montagna in [15] in the framework of their logic FP(SLIT).
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assessments of probabilities, the notion of coherence has been naturally generalized by
Biazzo and Gilio'".

DeriNiTiON 5.4 (Generalized Coherence [4, 19])

Let C={o1lx1,-..,9¢nlxn} be a family of conditional events. A probabilistic assessment of
lower values A : C — [0, 1] on C is said to be g-coherent iff there exists a (precise) coherent
assessment « : C — [0, 1] which is consistent with A, that is, such that «(;|x;) > A(@;|x;) for
each i.

The above definition also works when dealing with upper bounds and with intervals. Indeed,
for any conditional event ¢|x, such that w(¢|x) < B, we have the inequality u(—p|x) >1— 8.
Therefore, we can determine g-coherence in the presence of interval-valued assessments
k(@i x;) = [, B;] standing for constraints of the type

a; < Pr(eilx;) < Bi.

In the following theorem we prove that the generalized coherence of any imprecise rational
assessment of conditional probabilities coincides with the consistency of a suitably defined
theory over FCP(LIT). In the following Z[0, 1] denotes the set of closed intervals in [0, 1].

THEOREM 5.5

Let «9:C — Z[0,1], be a rational generalized probabilistic assessment on a family
C={p1lx1,--->@ulxn} of conditional events. Let «%(¢; | xi;) = [, B;]. Then «? is g-coherent
iff  the theory T ={(@ —1 P(i| x)&P(i | xi) 1 B)i=1,....,n}UDc s
consistent in FCP(LIT), i.e. iff T pop 0.

Proor. Suppose T is consistent. Then, by completeness of FCP(LIT), the class of models of
T is mnon-empty. Then if M;=(Qp,B(2p,), e, u) is one of such models,
then o; < u(e; | x;) < B;. Hence the assessment «(@; | x;) = w(e; | xi) is coherent, hence «9
is g-coherent.

Conversely, suppose that 7 is g-coherent. Then, there exists a conditional probability u on
B(2p,) x B(QDC)0 such that w(e;|x;) € [a;, B;]- This probability u induces a probabilistic
Kripke structure (Q2p,, B(2p,), €., ) that is a model of T. [ |

Finally, let us remark that in [10] the authors also deal with the notion of coherent lower
and upper conditional probability. Given an arbitrary set C of conditional events, a coherent
lower (upper) conditional probability on C is an assessment w:C — [0,1] (resp. an
assessment :C — [0,1]) such that there exists a non—emﬁy dominating family
P = {k(-|)} of coherent conditional probabilities on C whose lower (resp. upper) envelope is
w (resp. @), that is, for every ¢|¢ € C,

wply) = infiep k(@) (resp. L (p|Y) = sup,ep k(@|Y)).

Moreover, they show that if C is finite, there exists a dominating family P’ 2 P such that
w(lY) = mingep k(ply) (resp. (elYy) = maxep k(ply)). These notions also have a

"Notice that the notion of coherence used in [4, 19] is actually given in terms of random gains using de Finetti’s
betting scheme, but shown to be equivalent to the ones given in Definitions 5.1 and 5.4.
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corresponding representation in FCP(LIT). Indeed, given a finite modal theory T and a
propositional theory D, one can compute in FCP(LII), for each conditional object @[y, the
greatest lower bound and the lowest upper bound for the coherent probability values induced
by T'U D. Indeed, let

k(ply) =sup{r | TUDFpep T —1 Ple| ¥)},
k(plY) =inf{s | TU D tFpep P(e | ¥) — 1 5}.

It is not difficult to check that k and ¥ are coherent lower and upper probabilities in the above
sense. By the finite strong completeness of LH%, when the above infimum and supremum are
rational numbers, they actually become a minimum and a maximum respectively. In such a
case it then holds

TUDbvpepa—p Pl | ) and TUDFpep Ple | ¥) =1 B,

where o = k(¢|y) and f = K(¢l¥).

6 Compactness of coherent assessments

Very recently, Flaminio has shown [16] the compactness of coherent probabilistic
assessments to conditional events, both under Flaminio and Montagna’s probabilistic logic
FP(SLIT) and under our logic FCP(LIT). In particular, for FCP(LII), he provides the
following theorem.

TaeEOREM 6.1 (Compactness)
Let us consider a modal theory T = {P(g; | ¥;) = &;};e; over FCP(LIT). Then T is satisfiable
iff every finite subtheory of T is satisfiable.

The proof is based on the well-known theorems of Los on the ultraproduct model and on the
related theorem of compactness. Roughly speaking, what £os shows is how to define a model
for an arbitrary set of formulas out of models of their finite subsets. Particularized to our
framework, Los’ theorem reads as follows.

THEOREM 6.2 (cf. [7])

Let T be an arbitrary theory over FCP(LII). Let S, (') = { T}};c; be the (countable) set of all
finite subtheories of I', and for every i € I, let M; be a conditional probabilistic Kripke
structure model of T;. Then, there exists an ultrafilter'* F over Isuch that the ultraproduct
structure ([ M;)/F is a model of T.

iel
This result would directly lead to the compactness of consistency in FCP(LIT) if the
ultraproduct model ([],.; M;)/F was a conditional probabilistic Kripke structure of the

class. Unfortunately, the class of conditional probabilistic Kripke structures is not

"Recall that, given a non-empty set S, an ultrafilter F over S is a collection of subsets of S such that ¢ € F; if
A, Be Fthen ANBe F;if Ae F and A C B, then B € F; and for each A C S, either A € F or A° € F.
2Gee next paragraph for the definition of this structure.
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closed under ultraproduct. Indeed, if M; = (W;,U,, u;, ¢;) then the ultraproduct structure
(ITie; Mi)/F is a structure (W,U, u*, e), where:

(i) W =Tl,c; Wi/F is the direct product of the W;s modulo F ** ;

(ii) U =[1;c;Ui/F is again the direct product of the U;’s modulo F;

(iii) pu* : U x U’ — [0,1]* is a non-standard conditional probability, where [0, 1]* denotes the
ultrapower of [0,1] modulo F, and u*(A | B) is defined as the F-equivalence class of
(1(Ay | By), uo(As | Bs), ...) where the A;’s and B;’s are the #-th projections of A and B
respectively;

(iv) e: Lx W — {0,1} is defined as e(p,w) =1 if {i € I | ei(p, w;)) =1} € F, e(p,w) =0,
otherwise.

However, as Flaminio shows, by letting u be the standard part of the non-standard
conditional probability u*, the structure (W,U, u,e) becomes a (standard) conditional
probabilistic Kripke structure which is still model of T'.

Now, it is not difficult to check that Flaminio’s proof also works for more general kinds of
theories involving LH% connectives with continuous truth-functions, i.e., Lukasiewicz
connectives and Product conjunction.

THEOREM 6.3 (General Compactness)

Let T be a modal theory over FCP(LIT) whose formulas only involve (at most) truth-
constants and the &, — , © connectives. Then 7 is satisfiable iff every finite subtheory of T
is satisfiable.

Proor. Left-to-right direction is easy. To prove the converse, suppose that every finite
subtheory T; of T is satisfiable. Then, for any 7; there exists some model M; such that
M;E= T;. Then, by the above Los theorem 6.2 there exists an ultrafilter F such that
[lic; Mi/F = T. However, as mentioned, the model obtained is based on a non-standard
probability u*, so is the evaluation e,-. Still, like in [16] we can get a standard model by
recovering the standard part, so if St denotes the standard part, we define e(®) = St(e,«(P)).
Then e(® o W) = St(e,(P o W) = St(ey-(P)) o St(e,=(V)), for o € {&, — ,®}. The respect
of the behavior of the connectives is guaranteed by the continuity of their related truth-
functions. Then the ‘‘standardized’ structure conserves the necessary requirements for being
a model of T. |

A parallel result for Flaminio and Montagna’s logic FP(SLIT) also holds.

Following the above strategy we can also prove compactness for generalized coherence
[4, 19]. This corresponds to state compactness of coherence for interval-valued conditional
probability assessments of the kind

kK ={Bi = Pr(¢i | i) < ailicr,
which amounts in turn to compactness for the consistency of the theory
T = {& =1 Pgi | ¥0), P(9i | i) =1 Biier-

Now, given Theorem 6.3, we directly have as a consequence the following corollary.

Blwy, ws, .. ), (wy, wh, ...) € [1;e; Wi are equivalent modulo F iff {i € I | w; = w}} € F.
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COROLLARY 6.4
Let T = {a; — 1 P(; | Vi), P(¢; | ¥:) =1 Bilic; be a modal theory in FCP(LIT). Then T is
consistent iff every finite subtheory of T is consistent.

This corollary clearly yields as a direct consequence the following result of compactness for
generalized coherent probabilistic assessments to conditional events (in e.g. [10] such a result
is mentioned for single-valued coherent assessments).

THEOREM 6.5 (Compactness of Imprecise Coherent Assessments)

Let «9:C — Z]0,1] be an imprecise assessment of conditional probability over a class of
conditional events C = {¢; | ¥;},c; with rational bounds, i.e. for each iel, if
k9(@; | ¥;) = [a, Bi] then «;, B; € Q. For every finite subset J of C, let K'{{j denote the
restriction of k9 to J. Then

k7 is g — coherent iff for every finite 7 C C, K"{j is g — coherent.

These compactness results directly refer to the probabilistic logics FCP(LIT) and
FP(SLIT) without mentioning a possible similar result for the base logic LH%. A study of
compactness of many fuzzy logics was presented by Cintula and Navara in [9]. The notion
of satisfiability proposed there generalizes the classical one, since it admits various degrees of
simultaneous satisfiability.

DerFmNtTION 6.6 ([9])

For a set I' of formulas in a fuzzy logic and K C [0,1], we say that I' is K-satisfiable is
there exists an evaluation e such that e(¢) € K for all ¢ € I'. The set I is said to be finitely
K-satisfiable if each finite subset of I' is K-satisfiable. A logic is said to be K-compact
if K-satisfiability is equivalent to finite K-satisfiability. A logic satisfies the compactness
property if it is K-compact for each closed subset K of [0, 1].

In particular Cintula and Navara comment that the same proof they provide for the
compactness of Lukasiewicz logic (originally proved by Butnariu, Klement and Zafrany [6])
also works for other fuzzy logics with connectives interpreted by continuous functions.

TuEOREM 6.7 ([9, 6])
Let L be any fuzzy logic whose connectives only have continuous truth-functions. Then L has
the compactness property.

The proof in [9] runs as follows. Assume the language of L is built from a countable set Var
of propositional variables. Let T' a theory over L such that every finite subset I is
K-satisfiable. For each ¢ eI, define H,: [0, 117" - 10,1] by Hy(e) = e(p), which is
continuous by hypothesis. Then H L(K) is a closed subset of [0,1]"*", which is compact in
the product topology. Since I'" is K-satisfiable, the intersection Nyer H, 1(K) is non-empty for
every finite I" C I, hence by compactness of [0, 1]"*", Nger 1(K) is non-empty as well. Then
any evaluation e in this intersection is such that e(p) € K for all ¢ € I'. Since the important
point in the proof is that the functions H, are continuous, the following corollary is a direct
consequence of the above theorem.

COROLLARY 6.8
Let T be a theory in a given fuzzy logic L whose formulas only involve connectives having
continuous truth-functions. Then the compactness property holds w.r.t. T.
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Such a corollary can be clearly applied to the continuous fragment of LH%. Now,
considering that the completeness proof of FCP(LIT) shows that one can translate a modal
theory over FCP(LII) into a theory over LH%, we also obtain compactness results for modal
(probabilistic) theories over FCP(LIT) which do not involve the product implication
connective —1. Therefore, all the above results concerning compactness can be proved also
by relying on the fact that in such theories only continuous truth-functions are involved.
Indeed, if T'is any theory in FCP(LIT) or in FP(SLIT) such that product implication does not
appear in T'and each of its finite subtheories is satisfiable, the by the above corollary T itself
is satisfiable. Such compactness is consequently transmitted to the respective probabilistic
assessments, easily yielding then the above compactness results for simple and generalized
conditional assessments.

7 Applications to knowledge representation

It is worth pointing out that the logic FCP(LII) is actually very powerful from a knowledge
representation point of view. Indeed, it allows to express several kinds of statements about
conditional probability, from purely comparative staments like ‘‘the conditional event ¢ | x is
at least as probable as the conditional event v | §”” as

P |8) =1 Ple| x),

or numerical probability statements like

— “the probability of ¢ | x is 0.8 as P(¢ | x) = 0.8,
— “the probability of ¢ | x is at least 0.8"” as 0.8 = P(¢ | x),
— “the probability of ¢ | x is at most 0.8 as P(¢ | x) = 0.8,
— “@ | x has positive probability’” as —~g—nP(¢ | x),

or even staments about independence, like “@ and ¢ are independent given x’’ as
Pl xny) = Pe| x).

Another interesting issue is the possibility of modelling default reasoning by means of
conditional events and probabilities. This has been largely explored in the literature.
Actually, from a semantical point of view, the logical framework that FCP(LIT) offers is very
close to the so-called model-theoretic probabilistic logic in the sense of Biazzo et al’s approach
[5], and the links established there to probabilistic reasoning under coherence and default
reasoning'*. Actually, FCP(LIT) can provide a (syntactical) deductive system for such a rich
framework.

Here, following the work on default reasoning proposed in [10] in the framework of coherent
conditional probability, we show how to define over FCP(LIT) a notion of default rule and
default entailment using the deductive machinery of FCP(LIT). First we introduce the basic
notions for treating defaults w.r.t. coherent conditional probabilities. Then, we develop the
related logical treatment, exploiting the tools provided by FCP(LIT). These two approaches
will be shown to be equivalent when we take into account only rational assessments.

1See also [39] for another recent probabilistic logic approach to model defaults.



20 Coherent conditional probability in a fuzzy logic setting

As stressed out above, in [10] the authors use a set-theoretical language and treat
conditional events as pairs E|H, where E and H are basically considered as sets in a (possibly
indeterminate) Boolean algebra. Here we model conditional events as pairs ¢|y where ¢ and
Y are propositions. So, we model in our framework the implicit relationships between simple
events by framing them into a set of formulas.

Now, let k be a coherent assessment of conditional probability on C. According to the above
section this means that there exists at least one conditional probability x on B(€') x B(€2)",
where Q" = Qp,, extending «, that is, «(¢; | x;) = u(p; | x;) for each i € I. Let £(x) be the
set of coherent conditional probabilities extending «. In this context, a conditional object
olx is called a default when the coherent assessment k univocally determines that its
probability is 1.

DEeFINITION 7.1
Given a coherent assessment x over a class of conditional events C, a conditional object ¢|x is
a default with respect to «, written x~~,¢, if for any p € E(k) we have u(p | x) = 1.

Actually, ~», defines a consequence relation among events (propositional formulas) which,
due to the possibility of coherent conditional probabilities of assigning zero probabilities to
the conditioning events, enjoys the core properties of nonmonotonic reasoning characterizing
the system P [10] of preferential entailment:

(1) Reflezivity: ¢~ ..

(2) Left logical equivalence: if ¢ <> ¥ € Taut(L) and @~ x then ¥~ x.
(3) Right weakening: if ¢ — ¥ € Taut(L) and x~> @ then x~» .

(4) And: if o~ and @~ x then g~ P A x.

(5) Cautious Monotonicity: if g~ and @~» x then ¢ A Y~ x.

(6) Or:if g~ x and Y~ x then ¢ vV ¥~ x.

We shift now to FCP(LIT). Here, given a modal theory T'and a propositional theory D, we
define a default w.r.t. the pair (7, D), as any modal formula P(g | x) which follows from
TUD.

DEFINITION 7.2
Given a modal theory T and a propositional theory D over FCP(LII) a modal formula
P(¢ | x) is a default with respect to T'U D, written x~, ¢, iff TU D tFpcp P(e | ).

It is now easy to show that ~»p p is a preferential consequence relation (see e.g. [33]).

THEOREM 7.3
~»,., is a preferential consequence relation, i.e. it satisfies the above six properties
characterizing system P.

Proor. For proving the corresponding properties it suffices to check that the following
deductions hold in FCP(LIT)

(1) Reflexivity: Fpep P(e | ¢);

(2) Left logical equivalence: {(¢ <> ¥), P(x | ¢)} Frep P(x | ¥);

(3) Right weakening: {(p — ¥), P(¢ | X)} Frep P(Y | x);

(4) And: {P(Y | @), P(x | @)} Frep P(Y A X | @)

(5) Cautious Monotonicity: {P(¥ | @), P(x | )} Frep P(x | ¢ A ¥);
(6)

5
6) Or:{P(x 1 @), P(x|¥)} Frep P(x | oV ).
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It is easy to check that (1) holds by FCP5 and (2) by the substitution of equivalents rule. As
for (3), by necessitation for P we have P(p — ¥ | x) which, along with FCP1 and P(¢ | x), by
applying modus ponens, implies P({ | x).

As for (4), notice that ¥ — (x = (Y A x)) € Taut(L). By necessitation for P
we obtain Fpep P(Y — (x => (W A %)) | ¢). Now, by FCP1 and modus ponens (twice)
we  get  brop PO 1 @) =1 P(X— ¥ A 0l@) and P(x | @) —1 PGUA x| ¢),  hence
{P(Y | @), P(x | )} Frep P(Y A X | @)

As for (5), by FCP4 we have Fpop P(XxAV|@)=Px|eny)O P ),
hence Frop P(XAY | 9) > P(X o AY) O P(Y | @) as well. By (4), {P(¥|¢), P(x | o)}
Frep P(Y A x | ¢), then by modus ponens, {P(Y | @), P(x | @)} Frep P(x | @ A YY) © P(¥ | ¢),
hence {P(V | @), P(x | ©)} Frcp P(x | ¢ A ¥) as well, since ® © W — @ is a theorem of LH%.

Finally, let us consider (6). Notice that the following equivalences P(x | ¢ V ¥) =
Pixnev ) lovi)=P(xAe)V(XAY) | @Vvy) are provable in FCP(LII). By
FCP3, Frep P(X AV XAV 1oV ) =(PUXA@ oV ) > PNy A X ToV ) 1
P(xn¥levy). By FCP4, we have bFrpep P(xAN¢loV ) =Plx|1o)OPleleVi),
Frep PXAY LoV ) =P(x [ ¥) O P(Y | ¢V ), and Frep PoAy A x eV )=
Px|leAnv)O P(oAy | oV ). Now, by the premises and the foregoing, it is easy to
check that

{P(x | 9), P(x | ¥)} Frep )

P(xlovi)=PleloVv ) =1 P(x | 9o AP) © PloAd | oV ) =1 PO | oV ).

On the other hand, since Fpep P(eV ¥ | ¢ V) and, by FCP3, Fpep PlpV | oV ¢) =
(Plelevy) = Plony eV ) —p P leVvy), we also have Fpep (P(e [V ) =1
PloAny|lovy)—p P(W| eV ). Since (® -, VOT) - (& - I)is a theorem ofLH%
we also have Frop (Ple| oV ) = P(X| oA Q PloAy | oV ) =L P(Y| oV ).
Finally, from this and (*) one can conclude that {P(x | ¢), P(x | ¥)} Frep P(x | @ Vv V),
which proves (6). |

We can define now a natural notion of default entailment. Let K = {x;~¢i};c; be a
conditional knowledge-base. We define a corresponding theory in FCP(LIT) by putting

T = {P(g: | xi)}ier-

DEFINITION 7.4
A default §~y follows from K, written K 7 = §~, iff TE -pep P(Y | 8).

As a direct consequence we have the following corollary.

COROLLARY 7.5

The inference rules of system P are sound w.r.t. H*

Fep®

Now, due to FCP(LII)-probabilistic completeness, the notions of default for coherent
assessments and defaults over FCP(LIT) clearly are strictly related. Indeed they can be
shown to be equivalent. However, once again, we must take into account only rational
assessments, since we cannot represent reals in FCP(LIT)-theories. The following results
strengthen the idea that FCP(LIT) strongly captures the concept of coherent conditional
probability.
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THEOREM 7.6

Let C ={¢; | xi}ie; be a finite family of conditional events, let x be a rational coherent
probability —assessment on C. Define the following theory T ={P(g;| xi)=
@ | i€ I, a; =k(p; | ¥;)} over FCP(LIT). Then the following condition holds:

X~e@ iff x~1.pe @

Proor. Suppose that x~>.¢. This means that for any conditional probability u € &E(x),
u(e | x) = 1. But, by definition, x~».¢ iff £(k) is the set of probability models of T defined on
Qp,, hence TU D¢ Ercp P(g | x), and by completeness, iff T'U D¢ Fpep P(¢ | x), hence iff
X™7T,De ¥- u

Following Lehmann and Magidor’s ideas [33], we can also define rational consequence
relations with coherent probabilistic semantics (actually, in [33] they use non-standard
probabilistic models). So as to do it, we need to fix a single probabilistic Kripke structure
M = (W,U, u, e) and then define the following consequence relation ~»,; on propositional
(non-modal) formulas:

g~y it M| P(Y | @),

or equivalently, iff u([¥]y | [@]lw) = 1 (assuming [¢]y # @). This consequence relation can be
easily shown to be also a preferential relation, but moreover it can be shown to satisfy the
further rational property:

7. Rational Monotonicity'”: if ¢p~> ¢ and @ X then @ A x~ i,

where the notation ¢ + ;¥ means that the pair (¢, ¥) is not in the consequence relation ~»
ie. that M £ P(Y | ), i.e. that u(y¥ | ¢) < 1. This is a consequence of the validity of the
following derivation in FCP(LIT): {P(¥ | ), = AP(=x | )} Frcp P(¥ | ¢ A x). Notice that
Rational Monotonicity does not hold in general for the notion of default introduced in
Definition 7.2.

8 Conclusions

In this paper we have investigated several aspects of the fuzzy modal logic FCP(LIT) which
allows reasoning about coherent conditional probability in the sense of de Finetti.
To conclude, we would like to point out some open problems which deserve further
investigations.

First, it remains to be studied whether we could use logics weaker than LH%. Indeed, we
could define, as above, a conditional probability logic over LIT (i.e. without rational truth-
constants in the language), yielding a kind of qualitative probability logic where we could
reason for instance about comparative and conditional probability independence statements.
Notice that a notion of ¢ being probable when ¢ is more probable than —¢, as considered in
[29], could also still be defined in such a logic by the formula V(P(¢ | T) & P(—¢ | T)).

The same property has been presented in the literature under different, but equivalent, formulations. After
Adams (see e.g. [1, 19]), it is also known as Disjunctive Weak Rational Monotony.
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Second, we plan to study in more detail the links among FCP(LIT) and different kinds of
probabilistic nonmonotonic consequence relations as those defined by Lukasiewicz in [34, 35].
In fact, in that framework, a (strict or defeasible) conditional constraint (y¥|)[l, u]
syntactically corresponds to the FCP(LIT)-formula (I—; P(V | 9)& P | ) — 1 ).
We think FCP(LIT) may provide a suitable framework where to define and compare the
different notions of probabilistic default reasoning introduced in [35]. Finally, possible links
to the very recent work by Arlé-Costa and Parikh [2] on conditional probability and
deafeasible reasoning deserve attention.

Acknowledgements

The authors are grateful to the anonymous reviewers for their helpful remarks and
suggestions. Godo acknowledges partial support of the Spanish project MULOG, TIN2004-
07933-C03-01. Marchioni recognizes support of the grant No. AP2002-1571 of the Ministerio
de Educacion y Ciencia of Spain.

REFERENCES

[1] Apams E. On the logic of high probability. Journal of Philosophical Logic, 15(3),
255-279, 1986.

[2] Arpo-costa H. anD Parika R. Conditional probability and defeasible inference. Journal
of Philosophical Logic, Vol. 34, No. 1, 97-119, 2005.

[3] Baccuus F. Representing and reasoning with probabilistic knowledge. MIT-Press,
Cambridge Massachusetts, 1990.

[4] Biazzo V. anp GiLio A. A generalization of the fundamental theorem of de Finetti for
imprecise conditional probability assessments. Int. J. of Approximate Reasoning, 20,
251-272, 2000.

[5] Biazzo V., Gmo A., Lukasiewicz T., AND SANrFLpPo G. Probabilistic logic under
coherence, model-theoretic probabilistic logic, and default reasoning. Journal of Applied
Non-Classical Logics, Vol. 12, No. 2, 189-213, 2002.

[6] BurNartu D., KLEMENT E. P. AND ZAFRANY S. On triangular norm-based propositional
fuzzy logics. Fuzzy Sets and Systems, 241-255, 1995.

[7] Cuang, C. C. anp Keister H. J. Model Theory. North-Holland Publishing Company,
Amsterdam, 1973.

[8] CintuLA P. The LIT and LH% propositional and predicate logics. Fuzzy Sets and Systems,
124, 289-302, 2001.

[9] Cintura P. anD Navara M. Compactness of fuzzy logics. Fuzzy Sets and Systems 143, 59—
73, 2004.

[10] CorerTi, G. AND ScozzaFava R. Probabilistic Logic in a Coherent Setting. Kluwer
Academic Publisher, Dordrecht, The Netherlands, 2002.

[11] Esteva F., Gopo L. axp Moxtacna F. The LIT and LH% logics: two complete fuzzy
logics joining Lukasiewicz and product logic. Archive for Mathematical Logic, 40, 3967,
2001.

[12] Faciv R. axp Harpern J.Y. Reasoning about knowledge and probability. Journal of the
ACM, 41 (2), 340-367, 1994.

[13] Faciy R., Hatpern J.Y. axp MEecmo N. A logic for reasoning about probabilities.
Information and Computation, 87 (1/2), 78-128, 1990.



Coherent conditional probability in a fuzzy logic setting

FarTArROSL-BARNABA M. AND AmATI G. Modal operators with probabilistic interpretations
I. Studia Logic 48, 383-393, 1989.

Frammnio T. anp MontagNa F. A logical and algebraic treatment of conditional
probability. Archive for Mathematical logic, Vol. 44, No. 2, 245-262, 2005.

Framinio T. Compactness of coherence of an assessment of simple and conditional
probability: a fuzzy logic approach. Manuscript.

GarrMaN H. anD Snxir M. Probabilities over rich languages, testing and randomness The
Journal of Symbolic Logic 47, No. 3, 495-548, 1982.

GERLA, G. Inferences in probability logic. Artificial Intelligence, 70, 33-52, 1994.

GiLio A. Probabilistic reasoning under coherence in System P. Annals of Mathematics
and Artificial Intelligence 34, 5-34, 2002.

Gopo L., Esteva F. aND HAJEK P. Reasoning about probability using fuzzy logic. Neural
Network World, 10, No. 5, 811-824, 2000.

Gopo L., anp Marcuiont E. Reasoning about coherent conditional probability in the
logic FCP(LIT). In Proc. of the Workshop on Conditional, Information and Inference,
Ulm, Germany, 2004.

HAJEK P. Metamathematics of fuzzy logic, Kluwer 1998.

HAjek P., Gopo L. anp Esteva F. Fuzzy Logic and Probability. In Proceedings of the
11 th. Conference Uncertainty in Artificial Intelligence 95 (UAI’'95), 237-244, 1995.
HAsjEx P., Gopo L. anp EstevA F. A complete many-valued fuzzy logic with product
conjunction, Archive for Mathematical Logic 35, 1-19, 1996.

Harpern J. Y. An analysis of First-Order Logics of Probability In Proceedings of the
International Joint Conference on Artificial Intelligence (IJCAI’89), 1375-1381, 1989.
Harpern J. Y. Lexicographic probability, conditional probability, and nonstandard
probability. In Proceedings of the FEighth Conference on Theoretical Aspects of
Rationality and Knowledge, 17-30, 2001.

Harpern J. Y. Reasoning about Uncertainty. The MIT Press, Cambridge Massachusetts,
2003.

Hammonp P.J. Elementary non-Archimedean representations of probability for decision
theory and games. In (P. Humphreys, ed.) Patrick Suppes: Scientific Philosopher;
Volume 1 Dordrecht, The Netherlands, Kluwer, 1994.

Herzic A. Modal Probability, Belief and Actions. Fundamenta Informaticae vol 57,
Numbers 2-4, 23-344, 2003.

Kerster J. Probability quantifiers. In (J. Barwise and S. Feferman, ed.) Model-theoretic
logics Springer-Verlag New York, 539-556, 1985.

Kraus S., LEnmanN, D.; AND MAGIDOR M. Nonmonotonic reasoning, preferential models
and cumulative logics. Artificial Intelligence, 44, 167-207, 1990.

Krauss P. H. Representation of conditional probability measures on Boolean algebras.
Acta Mathematica Academiae Scientiarum Hungaricae, Tomus 19 (3-4), 229-241, 1969.
LeamaNN D. aND Macipor M. What does a conditional knowledge base entail? Artificial
Intelligence 55, 1-60, 1992.

Luxasiewicz T. Probabilistic default reasoning with conditional constraints. Annals of
Mathematics and Artificial Intelligence 34, 35-88, 2002.

LuxasiEwicz T. Weak Nonmnotonic Probabilistic Logics. Proc. of the 9th Intl.
Conference on Principles of Knowledge Representation and Reasoning (KR2004),
AAAIT Press, 23-33, 2004.



[36]

[42]

[43]

Coherent conditional probability in a fuzzy logic setting 25

Marcniont E. aNp Gopo L. A logic for reasoning about coherent conditional probability:
A modal fuzzy logic approach. In Logics in Artificial Intelligence, LNCS vol. 3229,
Springer-Verlag, New York, 213-225, 2004.

NiLssoN N. J. Probabilistic Logic Artificial Intelligence 28, No. 1, 71-87, 1986.
OcNJANOVIC Z. AND RASKOVIC M. Some probability logics with new types of probability
operators. Journal of Logic and Computation, Vol. 9, Issue 2, 181-195, 1999.
Raskovic M., OcenjaNovi¢ Z. AND MARKOVIC Z. A probabilistic approach to default
reasoning. In Proc. of NMR 2004, Whistler (Canada), 335-341, 2004.

Raskovic M., OGNIANOVIC Z. AND MARKOVIC Z. A logic with conditional probabilities. IIn
Logics in Artificial Intelligence, LNCS vol. 3229, Springer-Verlag, New York, 226238,
2004.

ScorT D. aAnD KrAUSS P. Assigning Probabilities to Logical Formulas In Aspects of
Inductive Logic, J. Hintikka and P. Suppes (eds.), North-Holland, Amsterdam, 219-264,
1966.

vaN DER Horek, W. Some considerations on the logic PFD. Journal of Applied Non-
Classical Logics Vol. 7, Issue 3, 287-307, 1997.

WiLsoN N. AND MoORAL S. A logical view of Probability In Proc. of the 11th European
Conference on Artificial Intelligence (ECAI’94), 386-390, 1994.

Received 22 January 2005



