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Composing Supply Chains through Multi-unit
Combinatorial Reverse Auctions with
Transformability Relationships among Goods
Andrea Giovannucci, Jesús Cerquides, and Juan A. Rodrı́guez-Aguilar

Abstract—In this paper we provide a decision support system
(DSS) to auctioneers when assembling their supply chains. Sometimes an auctioneer/buyer has to decide whether to outsource
some production processes or not (make-or-buy decision). For
this purpose we add a new dimension to the goods at auction. A
buyer can express transformability relationships (t-relationships)
among goods: some goods can be transformed into others at
some transformation cost. On the other hand, often another
type of relationship among the goods at auction exists on the
bidders’ side, that is complementarity relationships. Combinatorial auctions are usually employed to deal with the problem of
complementarities on the bidders’ side. Then, in this paper we
build upon combinatorial auctions to implement a DSS to solve
make-or-buy decisions in markets characterized by combinatorial
preferences.
Firstly, we introduce the information about transformability
relationships in the combinatorial auctions winner determination
problem (WDP) so that an auctioneer/buyer can assess what
goods to buy, to whom, and what transformations to apply to
the acquired goods in order to obtain the required ones. In this
way, an auctioneer can build his supply chain maximizing his
revenue. We call the resulting model Multi-Unit Combinatorial
Reverse Auction with Transformability Relationships Among Goods
(MUCRAtR). This new auction type allows a buyer/auctioneer
to express and communicate to bidders its internal production
structure and its final requirements. Bidders can then formulate
appropriate offers and send them back to the auctioneer. Upon
receiving the offers, an auctioneer can determine, by means of
a public selection rule, the cost minimizing combination of bids
along with the internal operations leading to its final requirements. In order to solve the Winner Determination Problem. we
map it to an optimization problem on Place/Transition Nets. Such
mapping allows to efficiently solve the WDP for some problem
classes, and provides a set of powerful formal tools for describing
the underlying optimization problem. Finally, we quantitatively
assess the potential benefits and drawbacks when considering
transformability relationships.
Index Terms—Supply Chain, Combinatorial Auctions, Winner
Determination Problem, Petri nets

I. I NTRODUCTION
A. Motivations
We are witnessing an important transformation of the firm
organizational structure. Today’s business world is experiencing a progressive disintegration of the traditional vertical
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integrity1 of the enterprises’ organizational structure. This is
witnessed by a heavy increment in the use of outsourcing. Indeed, the structural integrity of organizations is breaking down;
the traditional vertically integrated organizations, controlling
as many of the production factors as possible, is being quickly
replaced by better focused and more specialized organizations.
An increased number of capable service providers, the pressure
deriving from the hypercompetitivity, and the pervasive presence of technology impose a new strategic vision. As a result,
new supply chain management [60] strategies are emerging,
like strategic outsourcing [54], [31], [18] and collaborative
supply chain network design [63]. This situation requires an
increased automation across the supply chain. Indeed, static
and vertically integrated supply chains are quickly giving way
to more flexible value chains composed of partners that can
be assembled in real time to meet unique requirements.
In this environment, it is critical the rapid, automatic and
reliable selection of the right business partners. As a revealing
phenomenon, one of the main objectives of current supply
chain management [60] is to integrate as much as possible the
back-end of the supply chain (its production and manufacturing portion) to the front-end (the final customer).
A spectrum of possible solutions is possibly needed by enterprises. On the one extreme, companies must make decisions
about whether to outsource part of their production processes
(buy/make decisions) in business environments characterized
by myriads of possible partners (lower barriers caused an increment in competition). On the other extreme of the spectrum,
virtual enterprises may need agile decision support systems
(DSSs) that allow them to automatically form self-organizing
supply chains. Indeed, we do believe that nowadays firms
require DSSs that allow them to nimbly and automatically
select strategic business partners. As a first step, those DSSs
should allow firms to automate the process of partner selection,
optimizing critical make-or-buy decisions across the supply
chain (i.e. trading off decisions of internal vs external production) with multiple potential partners. With this aim, we
deem absolutely necessary to tightly integrate the procurement
and outsourcing strategies and decisions. Thus, the decision
support should allow them to self-organize by allowing to:
•

integrate and coordinate all the supply chain stake holders;

1 In microeconomics and management the term vertical integration describes
the degree to which a firm owns its upstream suppliers and its downstream
buyers.

JOURNAL OF LATEX CLASS FILES, VOL. 6, NO. 1, JANUARY 2007

include component suppliers into the supply chain design
process;
• optimize the overall performance of the supply chain (i.e.
not a local optimization);
• negotiate based on direct cost competition, that trades off
decisions of internal vs external production. It is well
known that one of the positive results of outsourcing
is putting in competition the internal activities of an
enterprise with the outside world.
• to express the partners’ preferences in a flexible and
efficient way.
With the above-mentioned requirements fulfilled, competitive
companies could easily cope with the selection of optimal,
tightly connected procurement, outsourcing, and collaboration
strategies.
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B. Requirements
In what follows we present a motivating example concerning
the main issue we intend to face in this thesis: the problem
of efficiently solving make-or-buy decisions across the supply
chain when complementarities among goods hold on the
bidders’ side.
Example I.1. Consider a company, named Grandma & co,
devoted to produce and sell apple pies. The internal production structure of the company, i.e. the way apple pies are
prepared, is presented in figure 1. Each circle represents a
raw, intermediate or manufactured good. Squares connecting
goods represent manufacturing operations. An arc connecting
a good to an operation indicates that the good is an input to
the operation, whereas an arc connecting an operation to a
good indicates that the good is an output of the operation.
Then, butter, sugar, and flour are input goods to the Make
Dough operation, whereas dough is an output good of the
Make Dough operation. The labels on the arcs connecting input
goods to operations, and the labels on the arcs connecting
output goods to operations indicate the units required of each
input good to perform an operation and the units generated
per output good respectively. In our example, the preparation
of two units of dough requires one unit of butter, three units
of sugar, and two units of flour.
Each operation has an associated cost every time it is carried
out. We label each operation with a cost. In our example, the
Make Dough operation costs 5 e .
Consider that the marketing department at Grandma & co
forecasts that two hundred apple pies will be sold within a
month and that the stock of Grandma & co is composed of
one hundred units of flour and two hundreds units of sugar.
Therefore, the company starts an automated sourcing [32]
process to acquire the basic ingredients needed for producing
pies, namely butter, sugar, flour, apples, and margarine.
However, the production management staff decides to test a
new sourcing process. Instead of limiting the procurement to
basic ingredients, they decide to incorporate in the sourcing
process intermediate and final goods as well, namely dough,
filling, and apple pies in figure 1. More precisely, the production management wonders whether to outsource part of
its production process. In fact, the executive staff noticed that

Fig. 1.

Apple pie production flow.

more and more specialized enterprises are entering the organic
food market. Since Grandma & co is a well-known brand for
pies, it decides that in order to reduce costs, it could be suitable
to negotiate and collaborate with those new brands.
As an additional constraint, the production management
knows that strong complementarities among the negotiated
goods exist on the supplier side. For instance, suppliers
often sell margarine and butter as indivisible bundles. Thus,
it is required that those complementarities are taken into
account.
Grandma & co realizes that it faces a decision problem:
shall it buy the required ingredients and internally produce
apple pies, or buy already-made apple pies (outsource all
its production), or opt for a mixed purchase and buy some
ingredients for internal production and some already-made
apple pies? This concern is reasonable since the cost of
ingredients plus preparation costs may eventually be higher
than the cost of already-made apple pies. Grandma & co
must take a decision among many possible mutually exclusive
options:
• buy all the basic ingredients to internally produce all the
pies;
• buy from suppliers all the pies and resell them under its
name;
• buy already-made dough and filling from suppliers , and
bake itself the cake;
• prepare part of the dough and part of the filling, and buy
the rest from suppliers;
• buy part of the pies from suppliers and produce the rest
itself;
Grandma & co is interested in quantitatively assessing what
to buy and from whom, as well as what to produce in house.
Such assessment depends on many factors:
(1) the market cost of the basic ingredients (butter, sugar,
flour, apples, and margarine);
(2) the market cost of dough, filling, and pies;
(3) the stock goods at Grandma & co;
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(4) the finally required goods (the sales forecast);
(5) the cost for performing at Grandma & co the operations
Make Dough, Make Filling, and Baking (the internal cost
structure);
(6) the number of units of each good either produced or
required for each operation (the internal production
structure); and
(7) the complementarity relationships among goods holding
on the suppliers’ side.
Hence, Grandma & co requires a complex decision support
system along with a negotiation mechanism that helps it in
detecting which is the revenue maximizing buying configuration and the internal operations to perform in order to
obtain the finally required goods. It is easy to understand from
the example that the procurement and outsourcing decisions
are tightly linked. Notice that there is a mutual dependency
among the outsourcing opportunity, the ingredients’ market
prices (as Dough, Apples,etc.) and other factors. This kind of
dependencies must be absolutely captured by any proposed
solution.
The literature on procurement has introduced combinatorial
reverse auctions to deal with the problem of complementarities
among goods on the bidders’ side. In the following section we
briefly recall some knowledge about electronic sourcing and
combinatorial auctions.
1) The procurement phase: Although reverse auctions are
certainly valuable to swiftly negotiate with providers, combinatorial (reverse) auctions may lead to more efficient allocations whenever complementarities among the goods at
auction hold, as argued in [57], [16]. For instance, It can avoid
phenomena like depressed bidding2. A combinatorial (reverse)
auction [20] is an auction where bidders can sell (buy) entire
bundles of goods in a single transaction. Although computationally very complex, selling (buying) items in bundles has
the great advantage of eliminating the risk for a bidder of not
being able to obtain (sell) complementary items at a reasonable
cost (price) in a follow-up auction 3 .
In particular, connected with the introduction of combinatorial auctions are bidding languages [49] and the winner
determination problem (WPD) [40]. Winner determination is
the problem, faced by the auctioneer, of choosing what goods
to award to which bidder so as to maximize its revenue. The
winner determination for combinatorial auctions is a complex
computational problem. In particular, it has been shown that
the WDP is NP-complete [56]. Bidding is the process of
transmitting one’s valuation function over the set of goods
at offer to the auctioneer (or rather some valuation function
— the bidders are of course not required to reveal their true
valuation —).
Since Grandma & co aims at dealing with the case in
which complementarities among goods hold at the bidder’s
2 Depressed bidding is a phenomenon associated to the fact that bidders
may risk to obtain only a part of a set of complementary goods, and therefore
bid less aggressively.
3 Think of a combinatorial auction for a parking and house that are very
close, as opposed to two consecutive single-item auctions for each of the
individual items. One may risk to buy a parking in the first auction and
missing the house in the second one. That is why they should be negotiated
together.

3

side, combinatorial auctions is for sure among the most
suitable sourcing methods. Then, we build upon combinatorial
auctions. However, combinatorial auctions cannot be directly
employed for the problem explained in example I.1 due to
some intrinsic limitations. Then, in what follows, we analyze the requirements associated to the make-or-buy decision
problem that are not fulfilled by combinatorial auctions, and
we discuss the extensions required in order to deal with such
decision problem.
2) Combinatorial Auction limitations: Say that Grandma
& co opts for running a combinatorial reverse auction [59]
with qualified providers for the procurement of all the required goods. Unfortunately, traditional combinatorial reverse
auctions cannot be applied to solve such a problem for three
reasons. Firstly, because of expressiveness limitations, namely
an auctioneer (Grandma & co) cannot express:
• its internal manufacturing operations along with the producer/consumer relationships holding among them (for
instance, in figure 1, the output of Make Dough is an
input of Baking);
• the relationships between the manufacturing operations
and the auctioned goods (for instance, in figure 1, the
input to the Make Dough operation is three units of sugar,
two units of flour and one unit of butter, whereas its
output is two units of dough);
• the relationships between the received bids and the internal manufacturing operations;
• the requirements sent to bidders. This is clarified by
observing that even though the final requirements of
Grandma & co are two hundred apple pies, multiple
request configurations fulfil such outcome, for instance:
– two hundred already-made apple pies
– the basic ingredients plus in-house production of two
hundred apple pies
How can Grandma & co formally describe its requirements? What should the requirements sent to bidders be?
In fact, the optimal requirements depends on the received
offers, and therefore cannot be stated a priori.
• the cost associated to performing each internal operation
or a set of internal operations.
The second problem is that the outcome of a combinatorial
auction only provides information about what goods to buy and
from whom. However, the information about which internal
manufacturing operations to perform and the order in which
the auctioneer has to perform them (in the example of figure
1, the auctioneer cannot perform the Baking operation before
Make Dough or Make Filling) is not provided.
Table I summarizes the requirements stemming from the
make-or-buy decisions that are not supported by any state-ofthe art solution.
Although combinatorial auctions help set the market price
of each good, they do not incorporate the notion of internal
manufacturing operation. This is why all the above-mentioned
difficulties arise.
Summarizing, Grandma & co requires an extended combinatorial reverse auction that provides:
(1) a formal language to quantitatively express, analyze,
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TYPE

Expressiveness

LIMITATION
(1) internal manufacturing operations and the producer/consumer relationships among them
(2) specification of an auctioneer’s final requirements
(3) relationships among the manufacturing operations, the auctioned goods, and the received bids
(4) specification of an auctioneer’s internal cost
structure

WDP

(5) information about which in-house operations to
perform and in which order
TABLE I
S UMMARY OF UNFULFILLED REQUIREMENTS .

and communicate its internal production structure and
requirements; and
(2) an efficient cost minimizing winner determination solver
that not only assesses which goods to buy and from
whom, but also the sequence of internal manufacturing
operations needed to obtain the finally required goods.
C. Contributions
In this paper we contribute with a generalization of combinatorial auctions providing support to the make-or-buy decision problems. In particular, we present an extension to
combinatorial auctions that we shall refer to as Multi-Unit
Combinatorial Reverse Auction with Transformability Relationships Among Goods (MUCRAtR). MUCRAtR automates
make-or-buy decision problems in scenarios characterized by
combinatorial preferences. This new auction type provides an
auctioneer with a framework to optimize its outsourcing and
procurement strategy. In particular, it allows an auctioneer:
• to formally express its internal production structure, i.e.
the transformability relationships (t-relationships); and
• to automatically and efficiently assess which goods to
buy and from whom, along with the sequence of internal
operations to perform in order to obtain some required
resources.
In order to provide a language to express the internal production structure of an auctioneer, we extend Petri Nets (refer
to section II or to [48]), a well-known graphical and formal
tool to analyze discrete dynamical systems. We call such
extended model Weighted Place Transition Nets (WPTNs).
The semantics of WPTNs naturally captures:
• the producer/consumer relationships holding among manufacturing operations; and
• the relationships among goods at auction, auctioneer’s
internal operations, and bids.
Next, in order to provide a formal definition to the auctioneer’s
decision problem, we define a new optimization problem
on WPTNs, the Constrained Maximum Weighted Occurrence
Sequence Problem (CMWOSP). The resulting optimization
problem perfectly captures the nature of the auctioneer’s
decision problem. We anticipate that the newly introduced
optimization framework allows to import a wide body of
analysis methods from Petri Nets theory and apply them to

4

our decision problem, thus providing methods and tools for
its analysis. Subsequently, in order to practically solve the
auctioneer’s decision problem, we exploit analysis methods
imported from Petri Nets theory and manage to provide an
efficient Integer Linear Programming [33] formulation of the
problem. However, this formulation only works whenever an
auctioneer’s internal production structure is acyclic. That is,
there are no cycles in a production process.
Once solved the WDP, the buyer/auctioneer must be aware
of the benefits and drawbacks of running an auction with
t-relationships. In other words, the buyer must be aware of
rules of thumb indicating when considering t-relationships is
beneficial, and thus leads to more savings when composing his
supply chain. Hence, as a second contribution, we empirically
analyze the benefits and shortcomings, in terms of savings
and computational costs, of introducing t-relationships with
respect to a classic multi-unit combinatorial reverse auction
by extending our former work in [26].
As to savings, our goal is twofold. Notice that to the
best of our knowledge no benchmark or data set in the
literature can be employed to perform our analysis, since:
(1) none implements a t-relationships generator; and (2) trelationships must be taken into account when generating
bids. Thus, we had to implement our own auction scenario
generator that adds some levels of complexity to the state-ofthe-art CA data set generators. Our software generates artificial
negotiation scenarios to compare in a fair way MUCRAs4 with
MUCRAtRs.
This paper is organized as follows. In section II we recall
some background knowledge about Place Transition Nets that
will be useful in order to understand what explained from
section III on. In sections III we explain how to represent the
search space associated to the decision problem. In section
IV we introduce Weighted Place Transition Nets. In sections
V and VI we map the optimization problem to CMWOSP.
In section VII, we provide an explicit IP formulation of the
WDP. In section VIII we explain how we generate a data set
to assess the performances of MUCRAtR, and we provide
an analysis of the empirical results. Next, in section IX we
situate our work within the state-of-the-art. Finally, in section
X we provide some concluding remarks and ideas for future
developments.
All along the paper we make use of several abbreviations
and symbols. In order to help the reader we summarize them
in table II.
II. M ATHEMATICAL BACKGROUND
In this section we introduce and carefully describe the
Petri Nets formalism. Petri Nets are a powerful mathematical
and graphical tool for the description of discrete distributed
systems. Petri Nets (PNs) were firstly introduced in 1962
by Karl Adam Petri in his seminal dissertation ([53] in
English and [53] in German). In particular PNs are suitable
for describing systems in which parallelism, concurrency, and
4 We recall that a MUCRA is simply a combinatorial reverse auction in
which multiple copies of each item are auctioned [57]
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Abbreviation
WDP
t-relationships
RFQ
CA
MUCA
MUCRA
MUCRAtR
CMWOSP
PTN
WPTN
PTNS
TNS
P
T
A
E
C
M0
J
KJ
A
uk
P T NI
P T NE

5

Meaning
Winner Determination Problem
Transformation Relationships
Request For Quotes
Combinatorial Auctions
Multiunit Combinatorial Auctions
Multiunit Combinatorial Reverse Auctions
Multiunit Combinatorial Reverse Auctions with Transformability Relationships
Constrained Maximum Weighted Occurrence Sequence Problem
Place Transition Nets
Weighted Place Transition Nets
Place Transition Net Structure
Transformability Network Structure
Set of Places
Set of Transitions
Set of Arcs
Arc Expression Function
Cost function for WPTN
Initial Marking
Firing Occurrence Sequence
Firing Count Vector
Incidence Matrix
firing vector
PTN representing internal manufacturing operations
PTN representing internal manufacturing operations plus received offers
TABLE II
S UMMARY OF N OTATION EMPLOYED IN THE PAPER .

synchronization play an important role. For a very good review
on Petri nets, refer to [48].
Petri Nets can provide some distinctive advantages with
respect to other approaches [55] like finite state machines.
For instance, they can capture causal dependencies or independence among the different components of the system can
be explicitly represented; they also allow to describe a system
that is not inherently sequential, different levels of abstraction
without having to change the description language, and so on.
p1 ••

We will focus on a particular type of Petri net called Place
Transition Net (PTN). Formally, following [48],
Definition II.1 (Place/Transition Net Structure). A
Place/Transition Net Structure (PTNS) is a tuple
N = (P, T, A, E) such that:
(1)
(2)
(3)
(4)

P is a set of places;
T is a finite set of transitions such that P ∩ T = ∅;
A ⊆ (P × T ) ∪ (T × P ) is a set of arcs;
E : A → N+ is an arc expression function (it represents
the weights associated with the arcs, standing for the
number of input/output tokens consumed/produced by
the transition).

2
t1
2
p2
Fig. 2.

1

p3

•

Example of a Place Transition Net.

An example of Petri net is shown in figure 2. A PN is
a bipartite graph: it has place nodes, transition nodes, and
directed arcs connecting places to transitions and transitions
to places. The places connected to a transition by means of
input arcs are called the input places of the transition, and
the ones connected by outgoing arcs from the transition are
the output places of the transition. Places contain tokens.
The graphical representation of a PTNS is composed of the
following graphical elements: places are represented as circles,
transitions are represented as rectangles, arcs connect places
to transitions or transitions to places, and an arc expression
function E labels arcs with values.

Furthermore, we have that t• = {p ∈ P | (t, p) ∈ A} are
the output places of t, and that • t = {p ∈ P | (p, t) ∈ A} are
the input places of t.
A distribution of tokens over the set of places is called a
marking, and it stands for the state of the Petri net.
Definition II.2 (Marking). A marking M : P → N of a
PTNS is a multiset5 over P . M(p) = k means that place
p ∈ P contains k tokens for marking M.
A PTNS S with a given initial marking M0 is called a
Place/Transition Net (PTN) and is noted (S, M0 ).
Given a marking M, we say that a transition is enabled if
all its input places contain at least as many tokens as required
by the the transition’s input arcs. If the transition is enabled it
can fire consuming tokens of the input places and producing
5 A multiset is a set in which multiple appearances of the same element are
allowed. The number of appearances of an element is called its multiplicity
[9].
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tokens in the output places. Intuitively, a transition is enabled
if enough tokens are present in its input places. In what follows
we state more formally the concepts of enabled transition and
firing of a transition.

that changes the marking M0 into the marking Mn . In this
case we write M0 [J > Mn as a shorthand to represent that
the firing sequence J leads from M0 to Mn .

Definition II.3 (Enabled Transition). Given a marking M, a
transition t ∈ T is enabled iff:

Notice that in a firing sequence all the transitions must be
enabled and fire with the order established by the very same
sequence.
It can be shown that the start and end markings are related
by the following equation:
X
∀p ∈ P
Mn (p) = M0 (p) +
Z(t, p).
(3)

M(p) ≥ E(p, t)

∀p ∈• t

(1)

An enabled transition may or may not fire. If it fires, it
changes the current marking to a new marking by removing
tokens from the input places and putting tokens into the output
places. More formally
Definition II.4 (Firing of an enabled transition). The firing
of an enabled transition t removes E(pi , t) tokens from each
input place pi and adds E(t, po ) tokens to each output place
po . The firing of a transition t changes marking Mk−1 to a
marking Mk . The new marking can be computed employing
the following equation6:
Mk (p) = Mk−1 (p) + Z(t, p)

•

∀p ∈ t ∪ t

•

(2)

where Z(t, p) = E(t, p) − E(p, t). In this case we write
Mk−1 [t > Mk for denoting that the firing of transition t
changes the Mk−1 marking into the Mk marking.

A. Reachability
An important property we are interested in is whether we
can reach a particular state of a PTN departing from a given
initial state. This leads to the definition of reachability. In
this section, we will introduce several concepts related to
reachability. Intuitively, given an initial marking M0 , and
a final marking Md , the reachability problem consists in
deciding if there exists a sequence of firings leading from M0
to Md .
The firing of an enabled transition changes the token distribution (marking) in a net according to the firing rule of
definition II.4. Then, a sequence of firings will result in a
sequence of markings.
Definition II.5 (Reachability). A marking Mn is reachable
from a marking M0 in a PTN structure S if there exists a
sequence of firings that transforms M0 into Mn . M0 is called
the start marking, while Mn is called the end marking.
All the markings reachable from M0 in a PTN Structure S
are noted as R(S, M0 ), and are called the reachable set of a
PTN.
Definition II.6. (Firing Sequence) Given a PTN structure S
and a marking M0 , a firing or occurrence sequence J : N →
T is a sequence of transitions:
J = ht1 , t2 , . . . , tn i
6 Henceforth, for simplicity, we implicitly assume that E(p, t) = 0 if
(p, t) 6∈ A and E(t, p) = 0 if (t, p) 6∈ A.

t∈J

Definition II.7. The firing count multi-set associated with a
firing or occurrence sequence J is a multiset KJ ∈ NT such
that the multiplicity of each transition stands for the number
of times it appears in the firing sequence. That is:
KJ (t) = |J −1 (t)|

∀t ∈ T

(4)

where |J −1 (t)| is the number of times transition t is fired in
the firing sequence J.

B. The state equation
In this section we aim at providing an algebraic representation of Petri nets. Such representation will allow to compactly
represent the reachability set in some cases.
For a Petri Net N with r transitions and n places, the
incidence matrix A = [aij ] is an r × n matrix of integers.
−
+
Each entry is given by aij = a+
ij − aij , where aij = E(ti , pj )
stands for the weight of the arc connecting the ti transition to
its output place pj , and a−
ij = E(pj , ti ) stands for the weight
of the incoming arc connecting place pj to transition ti .
−
It is straightforward that a+
ij , aij , and aij represent the
number of tokens added to, removed from, and changed in
place j when transition i fires once.
Notice that in this new representation a transition ti is
enabled in a marking M iff
a−
ij ≤ M(pj )

j = 1, 2, . . . , n

In order to obtain an algebraic representation of a Petri net,
we can represent a marking Mk as an n × 1 column vector
Mk such that the j − th entry of Mk represents the number
of tokens present in place pj after the k − th firing in some
firing sequence (Mk [j] = Mk (pj )).
Finally, we define the firing vector uk as an r × 1 column
vector of r − 1 zeros and one nonzero entry. By setting a a 1
in the i − th position (uk [i] = 1), we indicate that transition
ti fires at the k-th firing. We can now express equation (2) in
matrix form:
Mk = Mk−1 + AT uk

k = 1, 2, ...

(5)

Say that Mn is reachable from M0 via the firing sequence
J = ht1 , t2 , . . . , tn i. We represent the transitions in J by
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means of their firing vectors hu1 , u2 , . . . , un i. Then, by applying recursively equation (5), we obtain:
Mn = M0 +

n
X

AT · uk = M0 + AT

k=1

n
X

uk = M0 + AT KJ

k=1

(6)

where KJ is an r × 1 vector representing the firing count
multiset KJ , defined in equation (4), namely:
KJ [i] = KJ (ti ) = |J −1 (ti )|

∀i ∈ [1, r]

(7)

KJ is the firing count vector associated with the firing
sequence J.
C. State equation and reachability

III. A

The following two results are taken from [48]. Say that
Md is reachable from M0 , then there exists a firing sequence
hu1 , u2 , ..., ud i bringing from M0 to Md . Therefore, a necessary condition on reachability can be expressed in terms of
a matrix equation:
Theorem II.1. If Md is reachable from M0 , then the following equation has a non-negative integer solution x:
Md = M0 + AT x

That is, if there exists a solution to equation (9), a firing
sequence reaching Md from M0 is guaranteed to exist, and
x represents its firing count vector.
Moreover, Murata [48] further extends the class of Petri nets
for which the condition is still sufficient. These particular nets
(trap-circuit and syphon-circuit nets) have special topologies
with particular types of circuits. For such nets, the state equation represents all the reachable states if the initial marking
M0 satisfies some constraints. Further efforts have been made
for extending the validity of the state equation to more classes
of Petri nets [61].

(8)

Pd

where x = k=1 uk is the r×1 column vector of non-negative
integers we called firing count vector.
Notice that the i − th entry of vector x encodes the number
of times a transition ti must be fired to transform M0 into
Md .
Equation (8) is called the State Equation, since it describes
the states that a Petri net would reach if the transitions encoded
in x were fired. However, notice that not all the states encoded
by the state equation are actually reachable. That means that
there may exist solutions to equation (8) that are not reachable
states of a Petri net. However, it can be shown that sometimes
all the states reachable by a Petri net are described by the state
equation. In particular, this happens when the net is acyclic.
Before defining the concept of acyclicity, we have to explain
what is a cycle. Since a Petri Net is a bipartite graph, a cycle
in a Petri net is a sequence of
Definition II.8. A directed cycle in a Petri Net Structure (P, T, A, E) is a sequence of places and transitions
hp1 , t1 , p2 , t2 , . . . , pn , tn , p1 i such that ∀i ∈ [1, n] (pi , ti ) ∈ A
and (ti , pi+1 ) ∈ A.
Definition II.9 (Acyclicity). A PTNS is said to be acyclic if
it does not contain any directed circuit.
In [48], it is shown that in an acyclic Petri Net, the condition
expressed by theorem II.1 is not only necessary, but also
sufficient.
Theorem II.2. In an acyclic PTNS, Md is reachable from M0
iff the following equation has a non-negative integer solution
in x:
Md = M0 + AT x
(9)

FIRST ATTEMPT:

P LACE /T RANSITION N ETS

PTNs (see section II) are a very powerful tool to describe discrete dynamical systems, like for instance operating
systems, work-flows, finite state machines, parallel activities,
data-flow computation, producers-consumers systems with priority, and so on. The firing of a transition in PTNs represents
a state change in a discrete system. Such a state change can
only take place if some preconditions occur (i.e. the transition
must be enabled). For instance, if we model manufacturing
operations by means of transitions in a PTN, the execution of
a manufacturing operation changes the state of the production
system: some goods are consumed, while other goods are
produced, whenever enough input goods are available.
In this section we try to model the problem of Grandma &
co by means of PTNs. In section III-A we model via PTNs the
internal production structure of an auctioneer, and in section
III-B, we complement such PTN model by incorporating the
offers received by the auctioneer.
Before getting into the detail, we recall the details about the
example introduced in section I.
Example III.1. The data characterizing the Grandma & co’s
decision problem are:
(1) The cost of its internal manufacturing operations:
a) A Make Dough operation costs e 5 each time it
is carried out. It requires one unit of butter, three
units of sugar, and two units of flour as inputs;
and it produces two units of dough as output.
b) A Make Filling operation costs e 6 each time it is
carried out It requires one unit of flour, eight units
of apple, and two units of margarine as inputs; and
it produces two units of filling as output.
c) A Baking operation costs e 14 each time it is
carried out. It requires four units of dough and four
units of filling as inputs; and it produces four units
of apple pie as output.
(2) A sale forecast of 200 apple pies. This represents the
final requirements of Grandma & co.
(3) A stock of one hundred units of flour and two hundreds
units of sugar.
Then, if Grandma & co intends to run a combinatorial
auction and to invite all its providers, it must be able to
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send them a request for quotes (RFQ) containing the
number of required units for each good; and
• once received all bids, it must be able to determine
which bids to accept and which internal manufacturing
operations to perform in order to obtain the 200 apple
pies.
However, some problems prevent the use of CAs. Firstly, it
is not possible to a priori establish how many units of each
good the auctioneer (Grandma & co) requires. In fact, this
depends on the production plan, that can only be decided
upon receiving the offers. Secondly, once received all bids,
Grandma & co needs a winning rule for the optimal, efficient
and automatic selection of the best set of bids and in-house
operations.
•

A. Modelling the internal production structure
In this section we model an auctioneer internal production
structure by means of PTN. Consider the following example.

butter

1

sugar 3
2 2

Make 2
Dough

4
Baking
4

Make 2
Filling

apples

4

Apple
Pies

PTNS associated to example III.1.

The set of transitions is
T = {makedough, makef illing, baking}
The set of arcs is
A = {(butter, makedough), (sugar, makedough), ...}
.

7 Refer

......
Then, with this tool at hand, we can quantitatively represent
the input resources needed and consumed by each manufacturing operation, the output resources produced, and the producer
consumer relationships among the manufacturing operations.
We recall that a PTN is a PTNS with associated an initial
marking M0 (see section II). The initial marking in a PTN
usually represents the initial state of a discrete dynamic
system. In the case of Grandma & co we can provide a similar
semantics. The following example clarifies this point.
Example III.3. The initial marking M0 stands for the initial
stock at Grandma & co. Indeed, the stock of a firm represents
the “initial state” of its supply chain. The initial stock at
Grandma & co is two hundreds units of sugar and a hundred
units of flour (see example III.1). The multiset representation
of the initial state would be:

Thus, in figure 4, we graphically depict the initial marking of
the PTN by means of numbers within places (circles). We call
the resulting PTN P T NI (I stands for Internal).

sugar 3
200
2 2

P = {butter, sugar, f lour, apples, ...}

•

E(sugar, makedough) =3
E(f lour, makedough) =2

butter
0
1

2

Example III.2. In figure 3, we associate a Place/Transition
Net Structure (PTNS7 ) to the internal production structure
of Grandma & co, characterized in example III.1. In doing
this we associate places (P ) to goods, transitions (T ) to
manufacturing operations, and input/output arcs (A) and their
weights (E) to the quantity of goods consumed/produced by
each manufacturing operation. Formally,
• The set of places is

•

E(butter, makedough) =1

filling

marga
rine
Fig. 3.

The arc weight function E is:

M0 = 200′ sugar + 100′ f lour
dough

flour 1
8

•

to definition II.1.

flour
1
100
8
apples
0
2

Make 2
Dough

dough
0

4
Baking
4

Make 2
Filling

4

Apple
Pies
0

filling
0

margarine
0
Fig. 4.

P T NI associated to example III.1.

Recall from section II that a transition in a PTN is enabled
only if its input places contain enough tokens. For instance,
in figure 4, transition Make Dough is enabled only if at least
one unit of butter, three units of sugar, and two units of
flour are within its input places. This is exactly what we
require for a manufacturing operation to be enabled: it can
not be performed unless the required goods are available.
Moreover, looking at the Baking operation in figure 4, we observe that the producer/consumer relationships between Make
Dough and Baking on one side, and between Make Filling
and Baking on the other side, is quantitatively described by
the PTN. Notice that the enabling condition guarantees that
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a producer/consumer relationship is not only quantitatively
represented, but also it is constrained to be implemented in
its dynamics.
If a transition is enabled in a marking it can fire (see
definition II.4). If a transition fires it consumes some input
goods and produces some output goods. Once more, this is
the semantics we require for a manufacturing operation: a
manufacturing operation consumes a set of input resources
and produces a set of output resources.
Example III.4. In table III we show what happens when the
Make Dough transition fires. In the left image Make Dough is
enabled. The execution of Make Dough provides some inputs
to the Baking operation, as shown in the image on the right,
thus perfectly describing the producer/consumer relationship
among them.
What does it happen when there is a sequence of firings?
As explained in section II-A, the PTN will pass through a
succession of markings (states). In the case of Grandma &
co a marking stands for the state of a production process,
i.e. it describes the resources available at each state of the
transformation process. In fact, it associates to each state the
number of units of each good available to the auctioneer
in that state. Accordingly, a manufacturing operation can be
performed in a given state only if enough tokens are available
in its input places in that state. The firing of a transition
adds tokens into its output places likewise a manufacturing
operation produces new available resources to the auctioneer.
If markings describe the level of resources currently available to an auctioneer, they naturally apply to describe the
requirements of an auctioneer as well. An auctioneer aims at
reaching a marking that fulfils its requirements (at least two
hundreds tokens in the applepie place). This helps linking an
auctioneer’s requirements to its internal production structure.
In section II-A, we illustrated the problem of reachability,
i.e. the problem of reaching a given marking Md departing
from an initial marking M0 . We explained that it is a well
studied problem in the PTN literature. The reader can imagine
that the auctioneer is dealing with a similar problem: reaching
a marking that fulfils its needs.
Summarizing, by means of the PTN representation we
partially fulfill requirements (1) and (2) in table I. However,
we still need to express:
• the relationships between the internal manufacturing operations and the received offers (limitation (3) in table I);
and
• the information about the cost associated to bids’ selection and to manufacturing operations’ carrying out
(limitation (4) in table I).
Then, in the next section we incorporate the description of the
received offers into P T NI .
B. Incorporating Bids
In this section we cope with limitation (3) in table I. That
is, to establish a relationship among an auctioneer’s internal
production structure, the goods at auction, and the received

9

offers. This entails relating the PTN description of section III
(P T NI ) with the bidders’ offers and the goods at auction.
Firstly, notice that the relation between the auctioned goods
and the manufacturing operations is already accounted by
P T NI . It quantitatively specifies the goods required and
produced by each manufacturing operation. Hence, it only remains linking the received combinatorial offers to the P T NI .
In fact, the utility of P T NI is very limited if an auctioneer
cannot link it to the received bids. For instance, the PTN (production process) described in figure 4 cannot work: there are
not enough tokens (goods) to fire (run) any of the transitions
(manufacturing operations). The problem is that the auctioneer
(Grandma & co) needs to buy goods to feed its production
process. Buying goods is equivalent to injecting tokens into the
corresponding places. For instance, if Grandma & co decides
to accept a bid offering 100 units of butter, this will inject 100
units into the butter place and will correspondingly increment
the marking of the PTN. The counterpart of this operation
would be putting a 100 into the butter place of figure 4.
As a consequence, incorporating bids into the PTN is quite
natural. Indeed, they can be easily modelled by means of transitions as well. If a bid is selected, it must increase the amount
of some available resources. Correspondingly, a transition adds
tokens into its output places when fired. However, two features
distinguish bids from manufacturing operations. Firstly, bids
do not consume any resource. Secondly, bids can be run only
once (it is not possible to accept a bid twice in our semantics).
Therefore, each bid will be represented by a special type of
transition, whose single input place will not be a good, but
a sort of controller. Such a controller, named bid place, will
enforce that a transition representing a bid is selected at most
once. We will call this type of transitions bid transitions.
In contrast, we will call the transitions corresponding to
manufacturing operations operation transitions, and the places
representing goods good places. We make clear the process of
bid incorporation by means of an example.
Example III.5. Say that Grandma & co receives the combinatorial offers in equations (10) to (14) below from bidders.
We represent an offer sent by a provider as a multiset B ∈ NG ,
where G is the set of goods (in our case represented by places
in figure 4), along with a cost. The multiplicity associated to
each element of the multiset stands for the number of offered
units for the element.
B1 → 100′ butter + 200′ margarine
B2 → 200′ f lours + 300′ sugar

at e 200
at e 100

(10)
(11)

B3 → 800′ apples
B4 → 200′ dough + 200′ f illing

at e 200
at e 1300

(12)
(13)

B5 → 200′ apple pies

at e 2400

(14)

For instance, B4 → 200′ dough+200′f illing at e 1300 stands
for a combinatorial bid offering two hundred units of dough
and two hundred units of filling at e 1300.
In figure 5 we intuitively show how to incorporate bids in
equations (10) to (14) into the P T NI on figure 4. P T NI is
shadowed, whereas the incorporated bids are in dark black.
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Make 2
Dough

•

4
Baking

8

3
2 2

Make 2
Dough

••

4

4

Baking
••

4

1

1

Make 2
Filling

Make 2
Filling

8

2

4

4

1

2

TABLE III
E XECUTION OF A MANUFACTURING OPERATION ON P T NI .

butter
0
100
•

1

1

B1
sugar
200

200

3
2

2

Make
Dough

2

dough
0

4

300
Baking
•

1

B2

200

flour
100

800
•

1

apples
0

Make
Filling

2

filling
0

200

200
200
B4

B5

2

B3

1
margarine
0

Fig. 5.

Apple Pie
0

4

1

8

4

1
•

•

P T NE . Incorporating bids into the P T NI of figure 4.

We will refer to the PTN in figure as the P T NE (E from
Extended). Notice that:
(1) The input places of bid transitions (transitions associated
to bids and represented by B1 , B2 , B3 , B4 , B5 in figure
5) only contain one token and their input arcs weigh
one. Therefore, a bid transition can fire at most once.
(2) A bid transition does not have any other input place
except from a bid place. Thus, it does not consume any
resources.
(3) The output places of bid transitions are the goods offered
in the corresponding bids, whereas the output arcs’
weights are the number of offered units.Therefore, they
increase the number of tokens present on the net if fired.
In table IV we graphically depict the evolution of the
PTN in figure 4 when applying the firing sequence J =
hB1 , makedoughi. The upper picture shows the initial marking M0 = 100′ butter + 200′ margarine (the stock at
Grandma & co). The central picture shows the marking
obtained after firing transition B1 (i.e. after accepting bid
B1 ). Finally, the lower picture shows the marking obtained
after firing makedough (after performing the Make Dough
operation). Notice that in both cases transitions B1 and Make

Dough are enabled. Notice also that transition B1 cannot fire
anymore, whereas Make Dough can.
Summarizing, with the PTN in figure 5 Grandma & co can
express:
(1) its internal manufacturing operations along with the producer/consumer relationships among them (requirement
(1) in table I);
(2) the relations among the auctioned goods, the received
offers, and the manufacturing operations (requirement
(2)); and
(3) its final requirements (requirement (3)).
Furthermore, it can obtain all the possible production states
reachable by means of any legal combination of bids and
internal operations. That is, it characterizes the combinatorial
problem by providing a formalism to enumerate all the possible solutions. This can be achieved thanks to the dynamics
of PTN (the firings). This is a crucial point: the P T NE in
figure 5 compactly represents all the possible decisions that
Grandma & co can take.
Unfortunately, Grandma & co is not interested in simply
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4
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(a) Initially.
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•
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(b) After selecting bid B1 .
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1
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1

sugar
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3
2

flour
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1
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0

2

2
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4
Baking
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8

filling
0

2

B3

200
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B4

Apple
Pie
0
200
B5
1

1
margarine
200

4

•
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(c) After performing Make Dough.
TABLE IV
A PPLYING THE FIRING SEQUENCE J = hB1 , makedoughi.

reaching a state that fulfils its final requirements, it wants
to minimize its costs as well. How can we quantify that
performing manufacturing operations costs money? How can
we quantify that buying goods costs money? It is under this
point of view that PTNs lack of the necessary expressiveness
and need to be extended. In the next section, we explain how
to deal with such extension.
IV. W EIGHTED P LACE T RANSITION N ETS
There is a feature of some discrete systems (in particular
the one we consider) that, to the best of our knowledge, has
never been considered so far in the PTN literature, and that we
deem fundamental. A change in the state of a system may have
an associated cost. For instance, in our case, a manufacturing
operation has a cost associated to each time it is carried out.
Thus, in order to model manufacturing operations, we need

to extend Place Transition Nets to incorporate the notion of
transition cost. Such extension will allow not only to represent
the fact that a cost is associated to each transition firing, but
also to easily compute the cost associated to a firing sequence.
One may think to associate a cost to a transition with
alternative techniques. For instance, one may insert places
that account for the quantity of money needed to perform
an operation. Although operationally possible, this extension
would constrain the applicability of our method:
•
•

•

it would not allow expressing fractional quantities
it would reduce the number of solutions by constraining
the order of operation executions. In fact, it would enforce
that money is actually present when the transformation
takes place, whereas often the operation that injects
money is the one at the end of the process.
it would increase the complexity of the visualization by
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3 excepting the cost functions8 C:

including more places
Therefore, we present an extension, that we deem being the
most natural. However, we do not exclude that one could find
alternative solutions to the same problem.
The extension of PTN to incorporate the costs of operations
and bids is quite natural and consistent with all the properties
of PTN. If we aim at representing the fact that performing
a manufacturing operation costs money, we simply have to
associate a cost to the firing of an operation transition.
Similarly, if we aim at representing that buying goods costs
money, we have to associate a cost to the firing of each
bid transition. In general, since both bids and manufacturing
operations can be represented by means of PTNs, we have to
associate a cost to each transition in a PTN.

C(makedough) = − e 5
C(makef illing) = − e 6
C(baking) = − e 14
In figure 6, the values of C and the values of E label
respectively transitions and arcs.
butter
0
1
sugar 3
200
2 2
flour
1
100

A. WPTNSs and WPTNs

8

We extend the notion of Place Transition Net (see section
II) by associating a cost to each transition. This leads us
to the definition of Weighted Place Transition Net Structure
(WPTNS) and Weighted Place Transition Net (WPTN).
Definition IV.1 (WPTNS). A WPTNS is a a tuple
(P, T, A, E, C) where:
•
•

P, T, A, E are defined exactly like in a PTNS.
C : T → R is a cost function that associates a cost to
each transition.

butter

1

flour 1

dough
0

Baking

-e 6
Make 2
Filling

4
4

filling
0

4

Apple
Pies
0

-e 14

margarine
0
Fig. 7.

WPTN associated to example III.1.

Analogously to a PTNS, we define a WPTN by associating
to a WPTNS an initial marking M0 .

The initial marking in a PTN represents the initial state
of a discrete dynamic systems. The very same semantics is
inherited by WPTNs.

-e 5
Make 2
Dough

dough

4
Baking

-e 6
Make 2
Filling

8

4
filling

4

Apple
Pies

-e 14

2

marga
rine
Fig. 6.

apples
0
2

Make 2
Dough

Definition IV.2 (WPTN). A WPTN is a pair (N, M0 ), where
N is s WPTNS, and M0 is a multiset of places that stands for
its initial marking.

sugar 3
2 2

apples

-e 5

WPTNS associated to example III.1.

Example IV.1. Let us associate a WPTNS to the internal
production structure of Grandma & co specified in example
III.1. At this aim we associate places (P ), transitions (T ),
input/output arcs (A) and their weights (E) exactly like
in example 3. The cost function (C) associates a cost to
each manufacturing operation. A WPTNS employs the same
graphical representation as a PTN (see section II), the only
difference being that a cost labels each transition. We depict in
figure 6 the resulting WPTNS, formally defined as in example

Example IV.2. The initial marking M0 for the WPTNS in
figure 6 Grandma & co is:
M0 = 200′ sugar + 100′ f lour
In figure 7, we graphically depict the initial marking of the
WPTNS in figure 6.
B. Dynamics of WPTNs
WPTNSs and WPTNs preserve all the properties of PTNSs
and PTNs respectively, but allow the quantitative representation of the cost of a transition. Therefore, we can naturally
extend to them all the concepts employed for PTNs. Those
include the concepts of enabling of a transition, firing of a
transition, marking, firing sequence, and so on (refer to section
II).
In a PTN, if a transition is enabled in a marking it can fire.
If a transition fires it consumes some input goods and produces
some output goods. In a WPTN, something more happens. If
8 The sign convention employed is negative values each time an auctioneer
incurs in a cost.
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a transition fires it carries out a cost, the cost associated to the
fired transition.
Example IV.3. In table V we show what happens when the
Make Dough transition fires. The transition generates a cost of
e 5. In the upper right corner we show the quantity of money
spent by the auctioneer in the corresponding state.
What does it happen when there is a sequence of firings?
Firstly, the WPTN will evolve through a succession of markings (states); and secondly, a cost will be associated to such
a sequence of transitions (firing sequence in section II-A).
Considering this, we can define the notion of cost of a firing
sequence (CF S ) as:
Definition IV.3 (Cost of a firing sequence). The cost CF S
associated to a firing sequence J = ht1 , t2 , ..., td i is the sum
of all the costs of the transitions contained in the sequence:
CF S (J) =

d
X

C(ti )

(15)

i=1

If a transition fires more than once, say k times, then its
cost will be added k times.
Example IV.4. In figure 8, analogously to figure 5, we
incorporate into a WPTN the bids expressed in equations (10)
to (14). Notice that the costs labelling bid transitions is the
cost associated to the bids. Furthermore, in table VI, we repeat
the firing sequence of table IV (J = {B1 , makedough})
when a cost is associated to each transition. In this case,
the cost associated to the firing sequence is CF S (J) =
C(B1 ) + C(makedough) =-e 200− e 5 =- e 205. In the
upper right corner of each frame of table VI we highlight the
cost associated to the corresponding firing.
V. R EPRESENTING AUCTION OUTCOMES WITH WPTN S
In the previous section we introduced WPTNs and showed
their powerful modelling features. The examples tried to
give the intuitions behind the application of WPTN to our
problem. In fact, we saw that the auctioneer faces a makeor-buy decision problem, and decides to solve it by means of
combinatorial auctions. In this section, we aim at representing
each of the outcomes of such auction given a description of
the internal manufacturing operations, of the received bids,
and of the auctioneer’s final requirements . However, since an
auctioneer is mostly interested in assessing the cost associated
to each of such outcomes, we also associate an auctioneer’s
cost to each of the outcomes.
Then, firstly we introduce the Transformability Network
Structure (TNS), a WPTN for modelling and communicating the internal manufacturing operations of an auctioneer.
Secondly, we extend the TNS in order to incorporate the
information regarding the received bids. This will result in
the introduction of the Auction Net. This structure compactly
expresses all the possible decisions an auctioneer may take,
and quantifies the cost associated to each of such decisions.
With those formal tools at hand, we can then define what a
MUCRAtR is by providing an operational definition of valid
auction outcome.

A. The Transformability Network Structure
In what follows we formally define the Transformability
Network Structure. This corresponds to the net presented in
figure 6. TNSs are useful for expressing the internal manufacturing operations of an auctioneer. This tool will have
to quantitatively represent the input resources needed and
consumed by each manufacturing operation, the output resources produced, the producer consumer relationships among
the manufacturing operations, and the cost associated to each
manufacturing operation. Summarizing, a TNS describes the
different ways in which goods can be transformed and at which
cost. More formally,
Definition V.1 (TNS). A transformability network structure
is a Weighted Place/Transition Net N = (P, T, A, E, M0 , C)
such that we associate:
(1) the places in P to a set of goods G to negotiate upon9.
(2) the transitions in T to a set of internal manufacturing
operations;
(3) the directed arcs in A along with their weights E to the
specification of the number of units of each good that
are either consumed or produced by a manufacturing
operation.
(4) the initial marking M0 to the quantity of each good
initially available to the auctioneer (the stock). We
indicate this particular initial marking with the multiset
Uin ∈ NP . Then, M0 = Uin .
(5) a cost C : T → R+ to each manufacturing operation.
In the next section we show how to incorporate the received
bids into the TNS. The resulting WPTN is called Auction Net.
Example V.1. The WPTN introduced in example IV.2 is the
TNS associated to the problem of Grandma & co, previously
described in example III.1.
Notice that if an auctioneer communicates to bidders its
TNS along with some constraints on the final marking (for
instance, at least 200 tokens in the apple pie place), the bidders
have all the information for composing meaningful offers.
This completely fulfills the CAs expressiveness limitation in
communicating to bidders an auctioneer’s requirements (issue
(2) in table I).

B. The Auction Net
In this section, we will thoroughly explain how to transform
a TNS (figure 6) into an Auction net (figure 8). In the remaining of the chapter it is assumed that B is the set of received
bids. Each bid is represented by a multiset B ∈ NP and has
associated a cost encoded by the function CB : B → R+ ∪{0}.
Definition V.2 (Auction Net). Given a set of bids B, and a
TNS N = (P, T, A, E, Uin , C), an Auction Net is a WPTN
9 Notice that a place represents a good. Thus, in what follows we will
talk indifferently of good places and goods. That is, P and G are employed
indifferently.
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Incorporating bids into the WPTN of figure 7.
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Fig. 8.
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tB4 -e 1300

tB5 -e 2400

1

1

pB4
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Auction Net of the MUCRAtR in example III.1.

S ∗ = (P ∗ , T ∗ , A∗ , E ∗ , M∗0 , C ∗ ) where:

∗

= P ∪ PB
P
∗
T
= T ∪ TB

 ∗
A = A ∪ AB

(1) PB is the set of bid places. That is, for each bid B ∈ B
add a place pB .
(2) TB is the set of bid transitions. That is, for each bid
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(b) After selecting bid B1 .
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(c) After performing Make Dough.
TABLE VI
A PPLYING THE FIRING SEQUENCE J = hB1 , makedoughi.

(5) The cost function C ∗ : T ∪ TB → R is built as follows:

B ∈ B add a transition tB .
(3) AB is the set of bid arcs. It is built as follows:
AB =

AiB

∪

C ∗ (t) = C(t)
∗

AoB

C (tB ) = CB (B)

where
AiB = {(pB , tB ) ∈ PB × TB | ∀B ∈ B}

(16)

AoB

(17)

= {(tB , p) ∈ TB × P | p ∈ B}

are the input bid arcs and output bid arcs respectively.
(4) The arc expression E ∗ function is built as follows:
E ∗ (x, y) = E(x, y)
E ∗ (tB , p) = B(p)
E ∗ (pB , tB ) = 1

(x, y) ∈ A

(18)

(tB , p) ∈ AoB

(19)

(pB , tB ) ∈ AiB

(20)

t∈T
tB ∈ T B

(6) The initial marking is defined as
(
Uin (p) p ∈ P
∗
M0 (p) =
1
p ∈ PB

(21)

Example V.2. We extend the TNS of example IV.1 with the
bids listed in equations (10) to (14). This gives raise to the
Auction Net in figure 9. (P, T, A, E, M0 , C) have been defined in example IV.1. Then, S ∗ = (P ∗ , T ∗ , A∗ , E ∗ , M∗0 , C ∗ )
is defined as follows:
(1) P ∗ = P ∪ {pB1 , pB2 , pB3 , pB4 , pB5 }
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(2) T ∗ = T ∪ {tB1 , tB2 , tB3 , tB4 , tB5 }
(3) A∗ = A ∪ AiB ∪ AoB where

that a final marking Md must fulfil, expressed as:

AiB = {(pB1 , tB1 ), (pB2 , tB2 ), (pB3 , tB3 ), ...}
AoB = {(tB1 , butter), (tB1 , margarine), . . .}
(4) E ∗ (x, y) = E(x, y) if (x, y) ∈ A. When (x, y) ∈ AB
we have:
E ∗ (tB1 , butter) = 100 E ∗ (tB1 , margarine) = 200
E ∗ (tB2 , f lour) = 200
E ∗ (tB2 , sugar) = 300
...
∗

E (pB1 , tB1 ) = 1
...

E (pB2 , tB2 ) = 1
...

C ∗ (tB2 ) = -e 100
C ∗ (tB4 ) = -e 1300

C ∗ (tB5 ) = -e 2400
Recall that by means of the PTN defined in example III.5,
an auctioneer was able to compactly represent all the possible
outcomes associated to any of its decisions. However, he
had the problem to assess the cost associated to each of
such outcomes. Notice that by means of the auction net, the
auctioneer can now express both the outcomes of its decisions
and the cost associated to each of them.
In order to define the winner determination problem for
MUCRAtR one further step is required. We have to define
an optimization problem whose solution retrieves the optimal
firing sequence to apply to the auction net in order to obtain
a desired final marking (in the case of Grandma & co more
than 200 tokens in the apple pie place). This is the purpose
of the following section.
C. Constrained Maximum Weight Occurrence Sequence Problem
Since there is a cost associated to each transition, one
may be interested in finding a maximum (minimum10) cost
firing sequence leading from an initial marking to some
final marking. More importantly, one may be interested in
finding a maximum cost firing sequence leading from an initial
marking M0 to a final marking Md that fulfils a set of
inequality constraints. For instance, we may want to impose
that in a final marking Md each place contains exactly one
token (Md (p) = 1, ∀p ∈ P ), or at least 200 tokens in a
given place (for instance, the Apple Pie place in example
III.1 Md (applepie) ≥ 200). With this aim we define the
Constrained Maximum Weight Occurrence Sequence Problem
(CMWOSP).
Definition V.3 (CMWOSP). Given a WPTN N =
(P, T, A, E, M0 , C), a set of inequality/equality constraints
10 In

any optimization problem maximizing and minimizing are two dual
representations of the very same problem. We will talk about maximization
in what follows, but all the results can be easily applied to a minimization.

(22)

where ∆p ∈ {<, ≤, =, ≥, >} and hp ∈ N ∪ {0}, find an
occurrence sequence Jopt = hu1 , u2 , ..., ud i that brings the
initial marking M0 to a final marking Md such that: (1)
Md fulfils all the constraints in equation (22); and (2) Jopt
maximizes the total cost CF S .
We can express the inequations (22) in matrix form:
Md ∆h

...
∗

(5) C ∗ (t) = C(t) when t ∈ T . When t ∈ TB we have:
C ∗ (tB1 ) = -e 200
C ∗ (tB3 ) = -e 200

∀p ∈ P Md (p)∆p hp

(23)

where Md is a vector whose i − th component represents the
number of tokens in place i, ∆ is a vector whose i − th
element contains {<, >, ≤, ≥, =}, and h is a vector whose
i − th element contains hp . We will call the constraints in
equation (22) or (23) the final marking constraints.
Proposition V.1. CMWOSP is at least EXPSPACE-hard.
Proof: The reachability problem for PTN can be reduced
to a CMWOSP. It has been proved that the reachability
problem is EXPSPACE-hard [43].
VI. T HE W INNER D ETERMINATION P ROBLEM
In this section, we formally define the winner determination
problem for MUCRAtR.
Informally, given a TNS expressing the internal manufacturing operations of an auctioneer over a set of goods G,
an auctioneer’s final requirements Uout ∈ NG , and a set of
received bids B, the winner determination problem amounts
to finding the set of bids and internal operations that minimize
the auctioneer’s cost and produce at least the required goods.
The formal definition of the WDP relies on the Auction Net.
Definition VI.1 (Winner Determination Problem). Given
an auction expressed as hN, Uout , Bi, where N =
(P, T, A, E, M0 ) is a TNS, Uout ∈ NG expresses the auctioneer final requirements, and B is the set of received bids. Let
S ∗ = (P ∗ , T ∗ , A∗ , E ∗ , M∗0 , C ∗ ) be the corresponding Auction
Net. The Winner Determination Problem amounts to selecting
the set of bids B ∗ and the sequence of internal operations J ∗
that both minimize the auctioneer’s cost and satisfy the the
following final marking constraints on the Auction Net:
Md (p) ≥ Uout (p)
Md (p) ≥ 0

∀p ∈ P
∀p ∈ PB

(24)
(25)

Proposition VI.1. The WDP for a MUCRAtR hN, Uout , Bi
can be reduced to a CMWOSP on the corresponding auction
net. Such a CMWOSP is characterized by the following final
marking constraints:
Md (p) ≥ Uout (p)

∀p ∈ P

(26)

Md (p) ≥ 0

∀p ∈ PB

(27)

Proof: The proof is by construction:
(1) Solve the CMWOSP on the Auction Net NB . We name
the CMWOSP solution J min .
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(2) The set of winning bids B ∗ corresponds to the bid
transitions contained in J min :
B ∗ = {B ∈ B|tB ∈ J min }

(28)

(3) The sequence J ∗ of internal manufacturing operations
that an auctioneer has to perform internally is obtained
by removing from J min all the transitions that are not
operation transitions. We denote this as follows:
min
J ∗ = J|T

(29)

Notice carefully that in a CMWOSP the sum of the weights
associated to the overall transitions is maximized. However,
since negative costs are associated to both bid transitions
and operation transitions, maximizing the sum of the weights
implies minimizing the auctioneer’s costs.
Example VI.1. If Grandma & co receives the bids in equations (10) to (14), the decision minimizing its costs and
allowing it to obtain the 200 apple pies is:
(1) to select bid B4 to obtain dough and filling; and
(2) to subsequently bake them at Grandma & co after
running fifty times the Baking operation.
If we look at it on the WPTN, this corresponds to the firing
sequence
J = hB4 , Baking, Baking, Baking, . . . , Bakingi
|
{z
}
50 times

(30)

Then, the cost of this decision is assessed as follows:
cost(B4 )+50·cost(Baking) = −e 1300−e 700 = −e 2000.
(31)
The reader can check that this is the best possible option for the
auctioneer: it exploits the initial stock, it brings to a marking
that fulfils Grandma & co requirements, it minimizes the costs.
Finally, the optimization problem of the auctioneer is clearly
stated, and there is a rule for selecting the winners. Thus, we
have solved issue (4) in table I as well. Since we obtained
this result by directly employing place transition nets, we
can import all the techniques employed for them. As a first
example, we show how to solve the winner determination
problem by means of Integer Programming [33]. With this aim,
we just show that some particular CMWOSP can be solved
by means of Integer Programming.

VII. S OLVING

THE

WDP BY

MEANS OF

IP

In this section, firstly we show that the CMWOSP can be
solved by means of Integer Programming under some special
conditions. Then, we show that those conditions are fulfilled
when the underlying PTN is acyclic. Finally, we explicitly
state the IP solving the WDP.

A. Solving the CMWOSP by means of IP
In section II-B, we showed that under some hypothesis on
a PTN, it is possible to express its overall reachability set by
means of an equation, the state equation (see section II-C).
The state equation describes all the states that an acyclic PTN
can reach, and it is a linear equation. That is all we need to
generate our integer program.
We recall also that, by means of the state equation, it is
possible to represent in matrix form the firings and markings
of a PTN (see section II-B):
• Let us associate to each place pi ∈ P a position i in a
vector Mk ∈ N|P | . The integer contained in the i − th
position of the Mk vector corresponds to the number of
tokens contained in a a place pi after k firings in some
sequence. Then, M0 is the initial marking, M1 is the
marking obtained after the firing of some transition, and
so on.
• Let us associate to each transition tj ∈ T a position j
in a vector of integers x ∈ N|T | . The integer contained
in the j − th position of x encodes the number of times
transition tj has been fired.
With this representation, the state equation can be written
as:
M = M0 + AT x
(32)
The very same formalism holds for WPTN. In fact, the only
difference is that there is a cost associated to each transition.
Then, can we represent in matrix form the cost of a sequence
bringing from M0 to M via the transitions encoded in x as
well? The answer is quite easy. Notice that x in equation (32)
stands for the number of times each transition is fired for
transforming marking M0 into marking M . Then, if we know
the cost of each transition, according to definition in equation
(15), we have to multiply the cost of each transition by the
number of times it is fired. Then, we define a vector CT ∈
R|T | whose j − th position represents the cost associated to
transition tj (CF S (tj )). Hence, the cost associated to the firing
sequence represented by x, noted as Jx , is:
CF S (Jx ) = xT CT

(33)

The idea behind the mapping to IP is finding a set of linear
equations that:
(1) constrains the decision variables associated to transitions
to hold a value encoding a valid firing sequence;
(2) constrains the marking obtained by firing the selected
transitions to fulfil a set of equality/inequality constraints; and
(3) maximizes the sum of the costs associated to the selected
transitions.
Notice that point (1) can be easily fulfilled when the net is
acyclic by means of the state equation. Since the state equation
represents all the reachable states, it is enough to apply to
it a set of inequality/equality constraints to fulfil point (2).
Finally, since in a WPTN a cost is associated to each transition,
maximizing the cost associated to the selected firing sequence
we satisfy point (3) as well.
In what follows we go into the formal details of what we
explained above. The following theorem states that if we can
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represent all the reachable states of a PTN by means of the
state equation, then the CMWOSP can be solved by means of
IP.
Theorem VII.1. Consider an WPTN (P, T, A, E, M0 , C)
with incidence matrix11 A. If the state equation describes all
the reachable states M of the WPTN, then all the non-negative
integer solutions the following integer program:
max

xT cT

subject to M0 + AT x ∆h

(34)
(35)

represent the firing count vectors of all the optimal solutions
to the CMWOSP defined by h∼, hi
Proof: Notice that equation (35) simply imposes that
the end marking fulfils the constraints defined by h∼, hi in
equation (22). Equation (34) maximizes the cost CF S (Jx ), associated to the firing sequence represented by x (see equation
(33)). As a result, a solution x∗ to the IP defined by equations
(34) and (35) optimizes the sum of the costs associated to fired
transitions, while ensuring that the final marking is reachable
and fulfils the constraints defined by h∼, hi.
According to the results stated in theorem II.2, it is possible
to express the reachability set with the state equation when the
PTN is acyclic. Then, we apply this result to our problem via
the following corollary:
Corollary VII.1. Provided that a WPTN is acyclic, every
CMWOSP defined on it can be mapped into integer linear
programming.
Proof: . Since the WPTN is acyclic, in virtue of theorem
II.2, all the reachable states M are the non-negative integer
solutions of equation (9). Then, for theorem VII.1 the firing
count vectors of all the solutions to the CMWOSP are the
solutions to the IP in equations (34) and (35).
Hence, we solve the CMWOSP problem in two steps. First,
we determine the optimal firing count vector xopt by solving
the Integer Linear Program (ILP) in equations (34) and (35).
Then, we construct Jopt from xopt , for which each step is
enabled. Since S is acyclic, we can establish a partial order
among transitions so that t1 < t2 iff t2 uses as input some
output of t1 . We can construct an occurrence sequence Jopt
by ordering the transitions in the firing count vector xJopt
non-decreasingly according to our partial ordering. Every step
in the so ordered occurrence sequence is guaranteed to be
enabled. The occurrence sequence Jopt is consequently the
solution to our CMWOSP.
Thus, we can also cope with requirement (5) in table I.
B. The IP Formulation in practise
We have shown that the CMWOSP can be solved by means
of an ILP in the case that the underlying WPTN is acyclic
in section VII-A. We showed in section VI that the winner
determination problem for MUCRAtR is a CMWOSP. In
this section we show that the WDP for MUCRAtR can be
solved by means of IP when the auctioneer’s TNS is acyclic.
Furthermore we will explicitly write down the IP model.
11 Refer

to section II-C.

The first assumption is that no cycles are added when we
extend a TNS into an Auction Net. This is very easy to show.
Proposition
VII.1.
Given
an
acyclic
TNS
(P, T, A, E, M0 , C), the corresponding Auction Net
(P ∪ PB , T ∪ TB , A ∪ AB , EB , MBid
0 , CBid ) will also
be acyclic.
Proof: Say that there is a bid transition tB that includes
a cycle that was not present in the TNS. The output places of
bid transitions are always in P (see definition V.2). Then, in
order to have a cycle, there should be a transition with input
places in P that has the input place of tB as an output place.
However, this is impossible since, according to definition V.2,
the input places of bid transitions have only output arcs.
Naturally, it follows that:
Corollary VII.2. When the TNS is acyclic, the WDP can be
solved by means of IP.
Next, we explicitly express the IP model solving the makeor-buy decision problem, or equivalently solving the WDP for
MUCRAtR.
The mathematical model is built according to the following
rules:
(1) there are n goods, indexed with i ∈ {1, 2, . . . , n}
(2) there are m internal manufacturing operations, indexed
with j ∈ {1, 2, . . . , m}
(3) there are l multi-unit combinatorial bids, indexed with
k ∈ {1, 2, . . . , l}
(4) aij is the difference between the weight of the arc connecting operation transition j to good i and the weight
of the arc connecting good i to operation transition j
in the auction net. Formally, in the WPTN language
aij = E(j, i) − E(i, j). Informally, this represents the
flow of tokens in place i when transition j is fired.
(5) uin
i is the quantity of good i initially available to the
auctioneer (the stock).
(6) uout
is the quantity of good i finally required by the
i
auctioneer (the sale forecast).
(7) bki is the weight of the arc connecting bid transition k
to good i.
(8) bpk is the weight of the arc connecting the bid place p
to the bid transition k.
(9) buin
k is the quantity of tokens initially available in bid
place of bid k 12 .
(10) cj is the cost associated to internal operation j.
(11) pk is the price associated to bid k.
(12) yk ∈ N ∪ {0} is an integer decision variable (for each
bid k ∈ {1, 2, . . . , l}) taking on value w if bid k has
been selected w times13 .
(13) xj ∈ N ∪ {0} is an integer decision variable (for each
transition j ∈ {1, 2, . . . , m}) taking on value w if
transformation j is fired w times in the optimal firing
sequence.
12 Notice that we know that this is always one. However, for the sake of
generality we consider it as a parameter.
13 Notice carefully that we know that this variable can take only value 0 or
1. Then, it is a binary decision variable. However, in order to be formal, we
hypothesize that is an integer variable for the moment.
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With this in mind, the IP model is expressed with the following
equations:
X
X
xj · cj
(36)
max
y k · pk +
uin
i

+

k

j

X

X

yk · bki +

xj · aij ≥

uout
i

∀i

(37)

buin
k − yk · bpk ≥ 0

∀i

(38)

Equation (36) minimizes (recall the the costs are negative) the
sum of the costs associated to bids plus the costs associated
to internal manufacturing operations. Equations (38) and (37)
correspond to equation (22) of the CMWOSP. We split it
into two equations since they implement different inequalities.
This is made clear if compared with equations (21), (26), and
(27). Indeed, equation (37) implements equation (26), whereas
equation (38) implements equation (27).
If we observe equation (38), and recall that buin
k = 1 for all
k (see equation 21), and that bpk = 1 for all k (see equation
20), the equation becomes:
1 − yk ≥ 0

∀k

(39)

Considering that yk is an integer decision variable, it turns
out clear that it becomes a binary decision variable yk ∈
{0, 1}. Hence, the whole optimization problem in equations
(36) to (38) can be rewritten under this hypothesis:
X
X
xj · cj
(40)
max
y k · pk +
uin
i

+

k

j

X

X

k

yk · bki +

k

X

yk · bki ≥ uout
i

∀i

(43)

k

j

k

Then, the problem of selecting the best offers can be expressed
with the following IP model:
X
max
y k · pk
(42)

xj · aij ≥ uout
i

∀i

(41)

j

This ILP can be readily implemented with the aid of an
optimization library. The number of decision variables needed
to encode this problem is |T | + |B|, where T is the set of
internal supply chain operations and B is the set of received
bids. The number of required constraints is |G|, where G is
the set of goods.
C. Comparison with a traditional MUCRA IP solver
In what follows we compare the IP formulation of the
MUCRAtR WDP with the IP formulation of a traditional
Multi-unit Combinatorial Reverse Auction (MUCRA) WDP. In
order to solve the WDP for a MUCRA, as formalized in [59],
we exploit the equivalence to the multi-dimensional knapsack
problem pointed out in [35]. Sandholm et al. in [59] show
how MUCRA can be solved by means of IP. In this case the
problem is stated by means of the following parameters and
variables:
(1) there are n goods, indexed with i = {1, 2, . . . , n}
(2) there are l multi-unit combinatorial bids, indexed with
k = {1, 2, . . . , l}
(3) uout
is the quantity of good i finally required by the
i
auctioneer.
(4) bki is the quantity of good i offered in bid k.
(5) pk is the price associated to bid k.
(6) yk ∈ {0, 1} is a binary decision variable (for each bid
k ∈ {1, 2, . . . , l}) taking on value 1 if bid k has been
selected and 0 otherwise.

In this case the number of decision variables is |B|, and
the number of constraints is |G|. Then, our formulation of the
WDP can be clearly regarded as an extension of the ILP we
must solve for a MUCRA (as formalized above). In fact, the
second component of expression 40 changes the overall cost
as transformations are applied, whereas the second component
of expression 41 makes sure that the units of the selected
bids fulfil a buyer’s requirements taking into account the units
consumed and produced by transformations.
Observe the analogy between the IP in equations (40) and
(41), and the IP in equations (42) and (43).
The first terms of both IP are equivalent. In the MUCRAtR
IP we add the contributions due to the firing of transformations. It seems a trivial extension. However, notice carefully
that we showed that this cannot be done for every possible
class of nets.
D. Exploiting the power of WPTNs
In order to provide a demonstration of the graphical and
modelling support provided by our mapping to WPTNs, we
incorporate the possibility for an auctioneer to express setup costs associated to operations and bounds on the number
of times operations can be performed. That is, each time a
manufacturing operation is implemented, there is a set of fixed
costs that should be taken into account into the optimization
problem: like machinery, specialized personnel, and so on. We
show how to graphically incorporate such costs and bounds
into the WPTNs. Once included such constraints into the
WPTNs in a suitable way, in virtue of the theoretical results
exposed in section VII, we have available a WDP solver that
incorporates the new constraints. In figure 10, we show how
to augment the auction net in figure 9 to incorporate set-up
costs and bounds. The set-up cost must be subtracted from
the auctioneer revenue if a transformation is employed at least
once. In the case of figure 10 we associate a fixed cost of 2000
euros to the Make Dough operation and we enforce that it can
be executed at most 200 times.
It is very easy to see why this particular topology ensures
that both constraints are fulfilled. In fact, in order to run the
Make Dough operation, we have first to make sure that there
is at least one token in each of its input places. However, in
order to add tokens to the place on the top of the Make Dough
transition, we have to fire the tF C transition. Once this is fired,
the 2000e are subtracted from the total revenue and the 200
tokens are added to the Make Dough input place. This ensures
that the Make Dough transition can be fired at most 200 times.
VIII. E MPIRICAL E VALUATION
The main purpose of our experiments is to empirically
assess the benefits and shortcomings provided by the introduction of t-relationships among goods with respect to a
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classical multi-unit combinatorial reverse auction. Our analysis
is developed along two lines; (1) in terms of savings with
respect to MUCRA; and (2) in terms of computational costs
to assess the price to be paid for the savings. As to savings,
on the one hand, we quantitatively assess the potential savings
the auctioneer/buyer may obtain with respect to combinatorial
reverse auctions that do not consider t-relationships; on the
other hand, we empirically identify the market conditions
under which it is worth for him to exploit t-relationships. Thus,
we provide rules of thumb for an auctioneer/buyer to help
him decide when to run a MUCRAtR instead of a MUCRA.
As to computational cost, we identify the market conditions
that most affect the computational cost of MUCRAtR, both in
absolute terms and relatively to MUCRA.
Each auction problem is composed of: (1) a TNS; (2) a
Request for Quotations (RFQ) detailing the number of required
units per good; and (3) a set of combinatorial bids. Then,
we solve the WDP for each auction problem regarding and
disregarding t-relationships.

In order to solve the WDP for a MUCRA, as formalized
in [59], we exploit the equivalence to the multi-dimensional
knapsack problem pointed out in [35]. In section VII-C we
showed how MUCRA can be solved by means of IP. Each
auction problem is composed of a TNS, an RFQ, and a set of
combinatorial bids. The WDP for a MUCRA considers the last
two components of the auction problem, whereas the WDP for
a MUCRAtR considers them all.

A. Auction Problem Generation
To the best of our knowledge, and as already pointed out in
[4], no real-world benchmarks of combinatorial bids do exist.
Thus, with the purpose of comparing winner determination
algorithms, we find two approaches in the CA literature to
generate artificial data sets: (1) design a specific generator
for the MUCA/MUCRA domain, as in [41]; or (2) given
the equivalence of the WDP for an MUCA/MUCRA to the
multi-dimensional knapsack problem (MDKP) [35], employ
the very same data sets used for evaluating MDKP solvers
(e.g. [17]). Unfortunately, we cannot benefit from any previous
results in the literature since they do not take into account the
novel notion of t-relationship, and thus the generated auction
problems never reflect such relationships among goods.

(a) A tree
Fig. 11.

(b) Corresponding TNS

Extension of a tree to a TNS

1) TNS Generation: Firstly, we consider the creation of
a TNS. As explained in section II-C, if we restrict to the
case of an acyclic TNS, then the WDP for a MUCRAtR
can be formulated as an integer program. Thus, we shall
focus on generating acyclic TNSs for our auction problems.
For this purpose, we create TNSs fulfilling the following
requirements: (a) each transition receives a single input arc; (b)
each place can have no more than one input and one output
arc; and (c) there exists a place, called root place, that can
only have output arcs. Figure 11(b) depicts an example of a
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TNS that satisfies such requirements. Our generator randomly
constructs TNSs receiving as inputs: (1) the set of goods P ;
(2) a number of t-relationships r; (3) the minimum/maximum
arc weight wmin /wmax (each arc weight is chosen from a
uniform discrete distribution U [wmin , wmax ]); and (4) the
minimum/maximum transformation cost cmin /cmax (a transformation cost for each t-relationship is drawn from a uniform
distribution U [cmin , cmax ]).
Algorithm 1 B UILD -TNS(P, r, wmin , wmax , cmin , cmax )
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

Σ ⊂ P × P ; {’Father of ’ relationship.}
repeat
Padded ← ∅; {Nodes already added to the tree.}
Pf athers ← ∅; {Nodes that have at least one child.}
Σ ← ∅;
pick randomly pǫ ∈ P ;
Padded ← Padded ∪ {pǫ }
for each pson ∈ P \ Padded do
if |Pf athers | < r then
pick randomly pf ather ∈ Padded ;
else
pick randomly pf ather ∈ Pf athers ;
end if
Σ = Σ ∪ {(pf ather , pson )};
Padded ← Padded ∪ {pson };
Pf athers ← Pf athers ∪ {pf ather };
end for
until (|Pf athers | = r)
T ← ∅;
A ← ∅;
E : A → R+ ;
for each (pf ather ∈ Pf athers ) do
T ← T ∪ {t}; {Create a new transition.}
A = A ∪ {(pf ather , t)};
E(pf ather , t) ← G ET-R ANDOM -I NTEGER (wmin , wmax );
for each (pf ather , pson ) ∈ Σ do
A ← A ∪ {(t, pson )};
E(t, pson ) ← G ET-R ANDOM -I NTEGER (wmin , wmax );
end for
end for
C : T → R+ ∪ {0};
for each t ∈ T do
C(t) ← G ET-R ANDOM -R EAL (cmin , cmax );
end for
return hP, T, A, E, Ci

Algorithm 1 constructs acyclic TNSs. It is composed of
three sequential sub-algorithms. The first part (lines 1–18
) creates a tree structure. The second part (lines 19–30)
extends the tree to create a TNS by creating transformations
and attaching weights to the edges connecting places with
transformations (as illustrated in figure 11). The third part
(lines 31–35) attaches a cost to each transformation. Since
we aim at empirically assessing the potential savings when
considering t-relationships independently of TNSs’ shapes,
distinguishing feature of our algorithm is that it is capable
of constructing acyclic TNSs that may largely differ in their
shapes (e.g. with different widths, depths, either symmetric
or asymmetric, and so on).
Lines 1–18 of algorithm 1 constructs a tree of |P | nodes, r
of them having at least one child (i.e. a tree with r branching
points). The Pf athers set contains the nodes with at least one
child. The tree is represented as a binary relationship Σ among
goods, the father of relationship. Thus, (p1 , p2 ) ∈ Σ stands
for p1 is the father of p2 . Given such relationship, it is easy
to build random trees. Departing from an empty set of added
nodes (Padded ): (1) choose randomly a root node pǫ and add it
to Padded (lines 6–7); (2) assign a father to each node that has
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not already been added, (the father is chosen randomly within
the already added nodes if the number of branching points is
less than required, and within the nodes with at least a child
otherwise (lines 8–17)). This constructive process first builds
the root (pǫ ), then assigns a child (p2 ) to the root (pǫ ), then
assigns a child (p3 ) to a random node within {pǫ , p2 }, and so
on. In order to construct a tree of exactly r branching points,
the process iterates until such condition is satisfied.
Lines 19–30 of algorithm 1 use Σ to generate a TNS (as
illustrated in figure 11) whose arc expressions are chosen in
the integer interval [wmin , wmax ]. Each father node is attached
to a t-relationship as input good, while its children nodes are
attached to the same t-relationship as output goods. Finally,
the algorithm assigns to each arc in the created TNS a random
integer in [wmin , wmax ] as arc expression.
Lines 31–35 attaches to each created t-relationship a transformation cost sampling from a uniform continuous distribution U ∗ (cmin , cmax ).
The output of the algorithm is thus a TNS defined by: the set
of t-relationships T , the set of arcs A, the arc weight function
E, and the transformation cost C.
2) RFQ generation: Our aim is to fairly compare MUCRA
with MUCRAtR. With this in mind we consider that a very
same benchmark — with identical bids — must be employed
for both auction types. It comes out that is very difficult to
provide a set of bids which is fair for comparison purpose.
As pointed out in section I, when a buyer expresses a set
of t-relationships among a set of goods, he is also implicitly
stating some intrinsic relationships that hold among goods. If
we generate bids that do not take into account the relationships
among goods enforced by t-relationships, the resulting bids
are plausible for an auction type, but not for the other one.
Consider the following example. A buyer requires 100 units
of good p2 . Say that his TNS allows him to obtain 20 units of
good p2 after transforming 1 unit of p1 . Therefore, the buyer
either needs 100 units of p2 , or 5 units of p1 (to transform
it into p2 ). Thus, providers of good p1 should offer 20 times
less units than providers of p2 . An offer of 5 units of good p1
would benefit a MUCRAtR but penalize a MUCRA. In fact
this offer cannot be included in the winning set of a MUCRA
since good p1 is not even required by the buyer in his RFQ.
Indeed, a MUCRAtR can include this offer in the winning set,
since the 5 units of p1 are transformed via the TNS. On the
other hand, consider that providers only submit offers for good
p2 . In this case a MUCRAtR can not exploit transformations,
and the outcomes of MUCRA and MUCRAtR are identical,
thus penalizing MUCRAtR. Therefore, we need to provide a
fair enough bid set for both. As shown below the adequate
generation of an RFQ can largely help in this task.
The solution we propose is to introduce the information
about quantity relationships among goods directly into an
RFQ. Hence, we enforce that the quantities required for
different goods hold the quantity relationships specified by
the transformations in a TNS. Following the example above, a
possible RFQ holding the quantity relationships among goods
would require 5 units of p1 and 100 units of p2 .
Next, we detail how to artificially generate an RFQ. Generating an RFQ amounts to setting for each place p ∈ P a value
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to U(p) as follows. First, we compute the number of required
units of the root good: U(pǫ ) ≃ n(unitsRF Q , σRF Q ), where
n(µ, σ) is a normal distribution. The unitsRF Q parameter
stands for the average number of units required for the root
good. Next, departing from the root good, we compute the
number of required units U(p) for each remaining good p of
the TNS according to the following procedure. Let t be a
transition such that p is one of its output goods, and p′ is its
single input good. More formally, consider t ∈ T, {p, p′} ⊆ P
such that (t, p) ∈ A and (p′ , t) ∈ A14 . Then, we obtain:
U(p) ≃ n(

U(p′ ) · E(t, p)
, σRF Q )
E(p′ , t)

(44)

root good (e.g. the root good in figure 11(b) is p1 ). The first
step of our pricing algorithm calculates the unitary price of
the root good for each provider under the assumption that all
providers have similar values for such good. Thus, for each
provider Pj , the unitary price for the root good is assessed as
πroot,j ≃ dε · |n(µroot price , σroot price )|, where n is a normal
distribution15. After that, our pricing algorithm recursively proceeds as follows. Given a bid B ∈ B and a good p ∈ P whose
unitary price has been already computed, this is propagated
down the provider’s TNS through the transition it is linked to
towards its output goods. We compute the value to propagate
by weighting the unitary price of p by the value labelling the
arc connecting the input good to the transition, and adding a
provider’s particular transformation cost of the transition. The
resulting value is unevenly distributed among the output goods
according to a share factor randomly assigned to each output
good. For instance, consider the TNS in figure 11(b) and a
provider Pj such that its unitary cost for p2 is πd2 ,j = 50e ,
his transformation cost (different from the buyer’s one) for t2
is 10e , and w6 = 1. In such a case, the value to split down
through t2 towards p6 , p7 , and p8 would be 50 ·1 + 10 = 60e .
Say that p7 is assigned 0.2 as share factor. Thus, 60 · 0.2 =
12e would be allocated to p7 . Finally, that amount should be
split further to obtain p7 unitary price since w8 = 7. Then,
the final unitary price for p7 is 1.7142e = 12
7 . Hence, we can
provide a general way of calculating the unitary price for any
good for a given provider. Let Pj be a provider submitting bid
B. Let t ∈ T, {p, p′ } ⊆ P such that (t, p) ∈ A and (p′ , t) ∈ A.
Then, we obtain πp,B , the unitary price for good p in bid B
as follows:

where E(p′ , t) indicates the units of good p′ that are input to
transition t; and E(t, p) indicates the number of units of good
p that are output by transition t. In the current experiments,
required quantities are modulated by a normal distribution with
the purpose of introducing some randomness.
3) Bid Set Generation: Finally, we complete the artificial
generation of an auction problem by generating a set of
plausible bids. In order to generate a new bid B our generator
firstly obtains a number of jointly offered goods from a
binomial distribution z ∼ b∗ (pof f ered goods , |P |) ([34]); and
next it randomly selects a subset of goods P ′ ⊆ P such
that |P ′ | = z. For each p ∈ P ′ , the number of offered
units is obtained from another binomial distribution B(p) ∼
b∗ (pof f ered units , U(p)). In both cases we employ binomial
distributions because our aim is to maintain a proportionality
relationships among: (1) the number of negotiated goods (|P |)
and the density of bids (|P ′ |); and (2) the number of required
units U(p), and the number of offered units B(p). In this
way, when the number of required units increases, so does the
number of offered units proportionally. Thus, we can analyze
separately the effects of such parameters on savings, and
avoid correlation effects. The binomial distribution allows to
analyze, ceteris paribus, the effect of increasing the number of
required units. Notice that we mark the binomial distributions
with a star because we consider only non null samples drawn
from such distributions.
4) Pricing policy: After generating the units to offer per
good for all bids, we must assess all bid prices. This process
is rather delicate when considering t-relationships if we want
to guarantee the generation of plausible bids. We assume that
all providing agents produce goods in a similar manner (they
share similar TNSs). However, goods’ prices and transformation costs slightly differ from provider to provider. In practice,
our providing agents use the same TNS as the buyer, though
each one has his own transformation costs, which in turn are
assessed as a variation of the buyer’s ones. Thus, for each
bid we compute the unitary price for each good in the TNS.
Thereafter, for each provider, we use his unitary prices to
construct his bids.
Next, we describe how to calculate the unitary prices for
each good for a given provider. We depart from the value of
the dε parameter, standing for the average unitary price of the

where πp′ ,Bk is the unitary price for good p′ in bid Bk
submitted by provider Pk 6= Pj ; E(p′ , t) stands for the units
of good p′ that are input to transition t; whereas n(µpc , σpc ) =
n(µproduction cost , σproduction cost ) is a normal distribution
that weighs transformation cost C(t); E(t, p) indicates the
number of units of good p that are output by transformation t;
and ωp is the share factor for good p. Notice that after applying
our pricing algorithm we obtain Π, an |P |×|B| matrix storing
all unitary prices.
From equation (45) weP
can readily obtain the bid price for
a bid B ∈ B as dB =
p∈P B(p) · πp,B . Several remarks
apply to equation (45). Firstly, for each t-relationship
t, the
P
share factors for output goods must satisfy (t,p)∈A ωp = 1.
Secondly, it may surprise the reader to realize that the value to
propagate down the TNS (πp′ ,Bk ) is collected from a different
provider. We enforce this crossover operation among unitary
prices of different providers to avoid undesirable cascading
effects that occur when we start out calculating unitary prices
departing from either high or low unitary root prices. In
this way we avoid to produce non-competitive and extremely
competitive bids respectively, that could be in some sense

14 Recall that our method to construct acyclic TNSs ensures that there is a
single input good per transition.

15 We consider the absolute value of the sample since the large tails of the
normal distributions could occasionally bring about negative values.

πp,B ≃

πp′ ,Bk · E(p′ , t) + C(t) · |n(µpc , σpc )|
ωp
E(t, p)

(45)
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regarded as noise that could eventually lead to diverting
results.
After generating a complete auction problem, in a MUCRA
scenario the Winner Determination Algorithm (WDA) shall
solely focus on finding an optimal allocation for the required
goods, whereas in a MUCRAtR scenario, the WDA shall
assess whether an optimal allocation that considers the buyer’s
t-relationships can be obtained. Therefore, the difference is
that a MUCRAtR WDA does consider and exploit both the
buyer’s t-relationships along with the implicit transformation
cost within each bid, while a MUCRA WDA does not.
To summaries, the parameters we must set to create an auction problem for a combinatorial auction with transformation
are reported in table VIII-A4.
B. Experimental Settings
In what follows we describe the experimental design employed, the way we run and collected the data, as well as the
hardware and software employed in the runs.
Recall that our aim is to determine the market conditions
wherein: (1) MUCRAtR leads to savings when compared to
MUCRA; and (2) MUCRAtR is computationally harder than
MUCRA. At this aim, we introduce the following measures:
• Savings Index (SI). Difference in outcome cost between
MUCRA and MUCRAtR, defined as:
C MUCRAtR
)
C MUCRA
where C MUCRA and C MUCRAtR are the costs associated to the optimal solutions found respectively by
MUCRA and MUCRAtR WDAs;
Cost Index (CI). The ratio between the computational
solving times of MUCRA (T MUCRA ) and MUCRAtR
(T MUCRAtR ), defined as:
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We run 5756 instances of the experiments and for each run
we sampled SI. In 150 cases (2.606%) the optimizer could
not find an optimal solution within the time limit for MUCRA.
In 289 cases (5.02%) the solver could not find an optimal
solution within the time limit for MUCRAtR. As explained
above, the total number of samples that have been considered
are 5756 − 150 = 5606. Among these samples, the optimizer
could not find an optimal solution for MUCRAtR for 191
(3.407%) tests.
C. Experimental Results
The solvers for the MUCRATR and MUCRA WDP have
been developed with the aid of ILOG’s (www.ilog.com)
CPLEX. The auction problems have been generated with the
aid of MATLAB 7.0.4 (www.mathworks.com). We employed
a Pentium IV with 3.1 Ghz and 1Gb RAM to run the
experiments. In what follows we describe and discuss the
results.
1500
Histogram
Mean
Median
40 and 60 Percentile

1000

SI = 100 · (1 −

•

T MUCRAtR
CI =
T MUCRA
.
With the aim of assessing the most sensitive parameters
with respect to SI, CI, T MUCRA , and T MUCRAtR , we
employ a fractional factorial experiment design [11]: we assign
four possible values to each parameter, representing different
grades in an increasing scale. Table VIII-A4 summaries all
the values that each parameter can take on. At each run of
the experiment, we randomly assign one out of these four
values to each parameter, generating an auction problem as
detailed in section VIII-A. Finally, we compute SI and CI
after calculating the optimal solutions for the MUCRA and
MUCRAtR WDPs.
Some remarks are in place as to how we assess SI and
CI: (1) we set a time deadline (800 sec.) to solve each WDP:
once such time elapses, the partial solution obtained until that
moment is considered; (2) since we know16 that SI ≥ 0, we
set it to 0 whenever it is negative; (3) we exclude the runs that
did not find an optimal solution for MUCRA, since it makes
no sense to compare savings in this case.
16 By

definition SI ≥ 0, since each solution of a MUCRA is also a solution
to a MUCRAtR, and thus C M U CRAtR ≤ C M U CRA .
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Histogram of SI.

1) Analysis of Savings: General Observations. Figure 12
shows the histogram of SI. We observe that its shape is highly
skewed. From figure 12 and from the statistics in the second
column of table VIII we observe that the mean and variance
are not appropriate to characterize the SI distribution. In fact,
the high skewness makes the median a much better and stable
descriptor. For all these reasons, we employ the median and
percentile statistics in what follows. In figure 12 we observe
that the savings of MUCRAtR with respect to MUCRA go:
(1) up to 44%; (2) beyond 3.29% in 50% of the cases; (3)
beyond 8.59% in 30% of the cases.
Sensitivity Analysis. Notice that the distribution depicted
in figure 12 is bimodal: a mode around 0 and another one
around 25. Figure 13 clearly shows that the highest mode
corresponds to providers offering the 80% of the required units
in average (pof f ered units = 0.8)17 . The larger the percentage
17 Recall that p
of f ered units parameterises a binomial distribution describing the number of units offered per good per provider. In other words, it
characterises a provider’s capacity in the market.
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Parameter

Explanation

Values

n
r
unitsRF Q
σRF Q
wmin , wmax
cmin , cmax
m
pof f ered goods
pof f ered units
dε
µroot price
σroot price
µproduction cost
σproduction cost

Number of goods
Number of transitions
Average units required for the root good
Variance of the required units for the root good
Minimum/Maximum arc weight
Minimum/Maximum Transformation cost
Number of bids to generate
Sets the number of goods jointly present in a bid
Sets the number of unit offered per good
Average price of the root good
Parameters of a Gaussian
distribution weighing the root price dε
Gaussian distribution setting the production
costs difference between buyer and providers

8
2
10
0.05
10/10
100
0.2
0.2
50
1
0.05
0.6
0.05

10
12
3
4
17
24
0.1
0.15
[2 , 5]
100/100
20/40
200
300
0.3
0.4
0.3
0.4
100
150
1
1
0.1
0.15
0.9
1.2
0.1
0.15

14
5
31
0.2
40/80
400
0.5
0.5
200
1
0.2
1.5
0.2

TABLE VII
PARAMETERS CHARACTERIZING OUR EXPERIMENTAL SCENARIO .

SI
7.8574
93.1016
0 - 44.1959
11.06
3.2987
8.5971

Statistic
Mean
V ariance
Range(min − max)
Interquartile Range
Median
70 − percentile

CI
440.2153
7.3912e+06
0.004 - 5.6252e+04
43.7573
7.1792
30.5165

TABLE VIII
S TATISTICS FOR SI AND CI .

of offered units, the larger the number of surplus goods that
the MUCRA solution is likely to include (goods in a larger
number than required); and hence, the more MUCRAtR can
take advantage over MUCRA by exploiting t-relationships
to transform surplus goods into requested goods. Hence, the
following conclusion follows:
25
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Fig. 13.

Variation of SI for different providers’ capacities.

C1: The higher the providers’ capacities, the higher
expected savings when introducing t-relationships.
When analysing the behaviour of SI with respect to
remaining parameters, we will differentiate two cases:
pof f ered units < 0.8; and (2) pof f ered units = 0.8.
Figure 14 shows the variation of SI with respect to

the
the
(1)
the

number of required units (unitsRF Q ). The high sensitivity of
SI with respect to this parameter can be explained analysing
the relationship between the number of required units and the
arc weights. The larger unitsRF Q , the larger the number of offered units (because of the binomial distribution parametrised
by (pof f ered units , ui )). After observing equation (41) we infer
that the larger unitsRF Q , the more fine-grained adjustments
does a transformation allow because the number of output
units of the transformation is smaller and smaller with respect
to the number of required units. Also notice that in figures
14(a) and 14(b) a saturation effect appears as unitsRF Q
increases. We infer that although increasing unitsRF Q opens
us more possibilities to redistribute offered goods via transformations, there is a limit because transformations carry a cost.
Thus, our second conclusion is:
C2: The finer the granularity of the transformations, the higher
the expected savings when introducing t-relationships.
The third factor significantly affecting SI is the relationship between the transformation costs of a buyer and
the providers’ ones (µproduction cost ). If µproduction cost is
larger than one, on average providers transform goods with a
higher cost than the buyer, and the other way around when
µproduction cost < 1. Figure 15 depicts the results when
varying µproduction cost . Figures 15(a) and 15(b) show that
SI increases as µproduction cost increases. This behaviour
is explained as follows: the increment of µproduction cost
models that in-house transformations are cheaper, therefore
more likely to be exploited. A MUCRAtR saves with respect
to a MUCRA as more in-house transformations are employed.
In such a case the sets of winning bids of MUCRA and
MUCRAtR largely differ among them. Furthermore, we also
observe that: (1) the variation of SI in both figures is
around 4%. Thus, this increment is independent from the
pof f ered units parameter; (2) figure 15(b) is more irregular
than figure 15(b), because of the wider spread of values
when pof f ered units = 0.8; and (3) although µproduction cost
seemed intuitively to be the most sensitive parameter, our
experiments show that it is not.
A buyer can only obtain better savings with a MUCRAtR
with respect to a MUCRA if there exists some possibility to
perform in-house transformations. Taken to the extreme, if
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no in-house transformation is convenient, the outcome of a
MUCRAtR is exactly the same as a MUCRA, and SI = 0.
The third conclusion follows:
C3: The cheaper the in-house transformations with respect
to the providers’ ones, the higher the expected savings when
introducing t-relationships.
Figure 16 depicts SI when changing the number of transformations within the TNS (r). As expected, we notice that
the more the number of transformations, the more likely the
increment in savings. And yet, figure 16(b) is more irregular
than figure 16(a) due to the same spread-effect described
above.
C4: The more the number of transformations, the more the
expected savings with respect to a MUCRA.
Figure 17 shows the effect of varying the prices of goods
among providers(σroot price ). In other words, σroot price controls price spread in the market. As the difference in prices
grows (larger σroot price ), does also SI grow. A reasonable
explanation could be that MUCRAtR is more likely to benefit
from a good price bid for an unrequested good, that the
buyer can afterwards transform into a requested one. The fifth
conclusion follows:
C5: The larger the market’s prices spread, the higher the
expected savings.

To summarize, we can confirm, based on the observations
above, that there are indeed market conditions (identified by
C1, C2, C3, C4, and C5) wherein it is specially worth using
MUCRAtR instead of MUCRA.
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2) Analysis of Computational Costs: General Observations. Figure 18 shows the histogram of CI, and figure
19 shows the histograms of T MUCRAtR and T MUCRA . We
observe that their shapes are highly skewed, with very long

tails. From figures 18 and 19, and from the statistics in the
third column of table VIII, we observe that the mean and
variance are not appropriate to characterize neither CI nor
T MUCRAtR nor T MUCRA . In fact, the high skewness makes
the median a much better and stable descriptor. Furthermore,
notice that the fact that we impose a time deadline biases
the mean, whereas it does not affect the median. Hence, we
employ the median and percentile in what follows. Figure
19 shows that the probability distribution of T MUCRAtR is
much more skewed than T MUCRA ’s: their median is very
similar, but their 90-percentiles are not. Thus, as expected, trelationships introduce a sensitive increment in computational
cost when solving the associated WDP. From table VIII we
notice that in 50% of the cases T MUCRAtR is less than 7.1
times larger than T MUCRA . In 70 % of the cases it is less
than 30.5 times larger.
Sensitivity Analysis. Our goal is to identify the parameter
settings for which the computational cost increases the most.
With this aim, in what follows we perform a sensitivity
analysis of CI, T MUCRAtR and T MUCRA with respect
to different parameters. For each of them we display two
graphics, one picturing CI (for instance 20(a)) and another
one picturing T MUCRAtR and T MUCRA (for instance 20(b)).
Notice that all figures picturing T MUCRAtR and T MUCRA
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plot the logarithms of their medians because the scales of the
two curves may largely differ between them.
Figure 20 illustrates the computational costs when varying
the number of offered units (pof f ered units ). As pof f ered units
increases we observe that in a MUCRA less bids are needed
to fulfil a buyer’s requirements. Furthermore, it is more
likely to generate surplus goods, since it is more difficult
to perfectly match the buyer’s requirements. Therefore, the
number of possible bid combinations to explore by a MUCRA
solver diminishes as pof f ered units increases, and hence its
computational time. Figure 20(b) confirms such a trend for
MUCRA. In the same figure we observe that MUCRAtR does
not follow the same pattern. We hypothesize that, while in the
MUCRA case surplus units are free-disposal, and thus paid for
without making any use, in the MUCRAtR case t-relationships
can transform them into further required goods. Thus, while
many bid combinations leading to excessive surplus goods in
a MUCRA are pruned from the search space, in a MUCRAtR
they are not. Hence, the following conclusion follows:
C6: The performance penalty is higher when dealing with
high-capacity and medium-capacity providers.
Conclusions C1 and C6, shows that in markets with highcapacity providers both the expected savings and the computational cost are higher than in markets with medium-capacity
providers.
Figure 21 analysis the computational costs when varying
the number of required units (unitsRF Q ). We observe that
T MUCRA is not significantly affected by this parameter,
whereas there is a positive correlation with T MUCRAtR .
The larger unitsRF Q , the larger the number of offered
units (because of the binomial distribution parametrised by
(pof f ered units , ui )). After observing equation (41) we infer
that the larger unitsRF Q , the more fine-grained adjustments
does a transformation allows, because the number of output
units of transformations is smaller and smaller with respect
to the number of required units. In other words, it is like
trying to fill out bigger and bigger knapsacks using balls of the
very same size every time. Thus, the number of possibilities
to redistribute surplus goods via transformations increases,
and hence the computational cost of a MUCRAtR (recall the

example justifying conclusion C2). From the discussion above,
the following conclusion follows:
C7: The finer the granularity of transformations, the higher
the performance penalty.
Considering conclusion C7 along with conclusion C2, we
infer that the higher the expected savings the more computational price we should be prepared to pay for them as the
granularity of transformations is finer and finer.
Figure 22(b) illustrates the computational costs with respect
to the variance of the prices among providers (σroot price ).
While for a MUCRA the computational time slightly diminishes when increasing σroot price , for MUCRAtR we notice a
drastic decrement. Both decrements are due to a more efficient
pruning of the search space. Larger σroot price increases the
differences between bargain bids and costly bids, thus making
easier to prune costly bids. The following example explains
why such effect is more significant for MUCRAtR than for
MUCRA. Say that a provider offers the root good of a buyer’s
TNS (for instance p1 in figure 11(b)) at a very low price.
Since the variance among prices is very high, the other offers’
prices will be quite scattered. Therefore having found a good
bid helps pruning a great quantity of further offers, as well
as the transformations applicable to such offers. This effect
is more significant for MUCRAtR than for MUCRA since
not only offers are pruned, but also possible transformations
associated to them. The MUCRAtR search space reduction
is larger with respect to the MUCRA one, considering that
both bids and possible associated transformations are pruned.
Hence, the following conclusion follows:
C8: The larger the market’s prices spread, the lower the
performance penalty.
Considering conclusion C8 along with C5 we observe that,
unlike the trend showed by conclusion C6 and C7, the higher
the expected savings the lower the computational price we pay
for them as the market’s prices spread increases.
Figures 23 and 24 show the solving times when varying
the number of bids (m) and the number of required goods
(|P | = n) respectively. In figures 23(b) and 24(b) we observe
that the T MUCRAtR slope is steeper than the T MUCRA one.
We expect that for both auctions the WDP becomes harder
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when m and n increase. In fact larger values of m involve
larger numbers of variables of the associated integer programs,
whereas larger values of n correspond to larger numbers of
constraints (see equations (40) and (41)). Besides, notice that
the MUCRA WDP is a sub-problem of the MUCRAtR WDP:
a solution to the former is also a solution to the latter, but not
the other way around. A MUCRAtR WDP solver explores a
larger search space than a MUCRA, since this does not take
into account transformations. Indeed, the MUCRAtR problem
is harder. Therefore, when m increases, not only the space
of possible bid combinations, but also the space of possible
transformations does increase. The search space increment due
to transformations only affects MUCRAtR. This explains the
slope of T MUCRA with respect to T MUCRAtR . Thus, the
following conclusion follows:
C9: The larger the market’s offer, the higher the performance
penalty.
Notice that unlike the sensitive parameters identified so far,
the number of bids did not appear to be sensitive in our
empirical scenario when performing the analysis of savings.
The same argument holds for n. With more goods to
combine, we expect an increment in the space of possible
combinations of bids for both MUCRA and MUCRAtR.
Nonetheless MUCRAtR is affected by a further increment in

the search space due to transformations. And hence,
C10: The larger the number of goods, the higher the performance penalty.
We also observe that, as expected, the more the number of
transformations (r), the larger the time to solve MUCRAtR,
whereas the MUCRA solving times remain unchanged. Therefore,
C11: The more the number of transformations, the higher the
performance penalty.
Considering conclusion C10 along with C4 we derive that
the higher the expected savings the higher the computational
price we pay for them as the number of transformations
increases.
Finally, figure 25 illustrates the computational costs when
varying the bid density (pbid density ). In figure 25(b) we notice
that the T MUCRAtR slope is less steep than the T MUCRA
one. We expect larger solving times both for MUCRA and
MUCRAtR when increasing the bid density, because it is
harder to find feasible solutions. This effect is more important
for a MUCRA than for a MUCRAtR because of the beneficial
effects of transformations: with the help of transformations
many bid combinations not leading to a MUCRA feasible
solution can eventually lead to a feasible one for the MUCRAtR case. Thus, when the optimizer identifies good feasible
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solutions, it can more effectively prune the search space. From
this, we derive the following conclusion:
C12: The higher the direct competition, the lower the performance penalty.
Here we borrow the notion of direct competition from
economics, meaning the competition where goods that perform
the same function compete against each other.
To summarize, notice that while conclusions C6, C7, C11,
identify market situations wherein there is a direct correlation
between the expected savings and the performance penalty,
conclusion C8 identifies a market situation wherein there is
an inverse correlation between the expected savings and the
performance penalty.
IX. R ELATED W ORK
Combinatorial Auctions [20] are a particular type of auctions where bidders can submit offers over bundles of items.
This is allowed since complementarities among items may
hold on the bidders side, giving to bidders the possibility to
express more properly their preferences. In this way more
efficient allocations are expected. Furthermore, the risk of
speculation on the bidders’ side is reduced. For a detailed
survey on CA refer to [20]. Although computationally very

complex [59], the fact that bidders can express their preferences over bundles of goods may help an auctioneer obtain
better deals via a combinatorial auction. Moreover, buying
items in bundles has the great advantage of eliminating the
risk for a bidder of not being able to sell complementary items
at a reasonable price in a follow-up auction. The study of the
mathematical, game-theoretical and algorithmic properties of
combinatorial auctions has recently become a popular research
topic. This is due not only to their relevance to important
application areas such as electronic commerce or supply chain
management, but also to the range of deep research questions
raised by this auction model.
CAs have a high potential to be employed as an allocation
mechanism in a wide variety of real-world domains. Thus, they
have been proposed to be employed for allocating loads to
trucks in the transportation market [14], routes to buses [13],
goods/services to buyers/providers in industrial procurement
scenarios [45], airport arrival and departure slots [46], and
radio-frequency spectrum for wireless communications services [52]. Finally, Walsh in [65] employed them for supply
chain formation.
In the last decade different topics related to CAs have been
considered, namely the design of auction mechanisms, bidding
languages, and algorithms for the WDP.
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Auction theory studies the formal properties of auctions
as shown in the surveys of [37] and [47]. Nonetheless CAs
have recently attracted the attention of economists and game
theorists. Associated to auction theory is also the design
of auction mechanisms, devoted to study how to run an
auction in order to guarantee some economic properties such
as, for instance, efficiency, incentive compatibility, individual
rationality, etc. For instance, [6], [51], [5], [19], [38], and [1]
describe some mechanisms for CAs. Notice though that in this
paper we do not focus on the design of any mechanism since
it is out of our scope, and hence it is left out as future work.
The design of bidding languages has also attracted much
attention in the literature on CAs. Bidding languages offer
bidders different ways of expressing their preferences. The
bidding languages more widely used are the OR and XOR
bidding languages ([50] and [58]). While the XOR bidding
language allows to express that a collection of bids are
mutually exclusive, i.e only one out of the collection can
be selected, the OR language instead allows for selecting
any possible subset of the bids, being the price the sum
of the selected bids’ prices. [50] and [58] thoroughly study
the problem of expressing preferences on the bidder side.
Nonetheless, and to the best of our knowledge, there are
no proposals in the literature regarding the possibility to
express transformability relationships among goods on the
auctioneer side. Our contribution in this paper enriches the
bidding languages available to buyers/auctioneers by providing
a language that allows to express transformability relationships
among goods. In this paper we implicitly employ the OR
bidding language.
One of the fundamental issues limiting the applicability of
CAs to real-world scenarios is the computational complexity
associated to the winner determination problem. In particular,
it has been proved that the WDP is NP-complete [56]. In [56]
Rothkopf gives an Integer Programming (IP) formulation for
the CA WDP considering bids expressed in the OR bidding
language, that we extend in this paper in order to include
t-relationships. General IP solvers [4] and special purpose
algorithms (e.g. [57], [24],and [41]) have been employed to
solve the WDP, but it is well known that it does not exist a

general solver that performs well in all situations. As to the
model we present in this paper, we choose an IP formulation to
ease its implementation and because there are many powerful
IP optimization libraries available in the market.
According to [60], “In a typical supply chain, raw materials
are procured and items are produced at one or more factories,
shipped to warehouses, for intermediate storage, and then
shipped to retailers and customers. [...] The supply chain,
consists of suppliers, manufacturing centers, warehouses, distribution centers, and retail outlets.”.
Supply chain management (SCM) “is a set of approaches
utilized to efficiently integrate suppliers, manufacturers, warehouses, and stores, so that merchandise is produced and
distributed at the right quantities, to the right locations, and
at the right time, in order to minimize system-wide costs
while satisfying service level requirements” [60]. One of the
core objectives of the supply chain is to perform a global
optimization across the supply chain. But many features of
the way businesses are run today prevent this to happen: the
uncertainty underlying the supply, the demand, the transportation time, the vehicles and the tools breakdowns. Furthermore
the various stake-holders across the supply chain locally maximize their utility disregarding the performances of the other
elements within the supply chain. In fact, the different components often have even conflicting objectives. Traditional SCM
deals with all these problems acting on different aspects of
control: distribution network configuration, supply contracts,
distribution strategies, supply chain integration and strategic
partnering, inventory control, outsourcing and procurement
strategies, information technology and DSSs, etc. In particular,
aspects relevant to our work are outsourcing and procurement
strategies. Recently, many works have focused on multiagent
based supply chain management [12], [44], [25], [21], [66],
[36], [7], [28], [29], [30], [62].
In [65], Walsh introduces combinatorial auctions for supply
chain formation. These represent an extension of combinatorial
auctions in which a whole supply chain is negotiated via an
auction. In such a context, askers, sellers and transformers
participate and submit bids within the same auction. In order
to cope with this new auction Walsh introduces the Task
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Dependency Network (TDN), a network representing all the
producer/consumer relationships among the bidders. Walsh’s
model can be sometimes adapted to solve problems similar
to the ones we are presenting in our work. Indeed, Task
Dependency Networks are limited to transformations relationships with a single output. Thus, any problem in which a
good is split into parts cannot be expressed by means of a
TDN (for instance deciding whether to sell a whole cow or
splitting it and selling its parts). As a second difference, even
if its formulation sometimes can be adapted to our case, he
focuses specifically on a different problem, the problem of
distributed supply chain formation. In particular, he is interested in mechanism design issues, and considers computational
aspects as marginal. Instead, in our work we solely focus on
computational aspects. In particular, as mentioned in section
I, we are concerned with the formal analysis of the decision
problem faced by an auctioneer when choosing whether to
outsource or not a set of production processes.
The approaches in [15] and [27] build upon Walsh and extend the computational treatment of combinatorial auctions for
the supply chain formation winner determination problem. In
these works, no assumption is done on the consumer/producer
network formed by bidders, thus allowing any type of transformation relationship. However, their focus is still on supply
chain formation, and they do not analyze the decision problem
we are dealing with.
As far as we know, nobody dealt directly with the make-orbuy decision problem employing reverse combinatorial auctions. On the one hand, combinatorial reverse auctions solve
the problem of procurement when complementarities among
goods exist on the supplier side. On the other hand, operations
research has studied the best make-or-buy decisions based on
past production information, sell forecast, providers’ offers,
etc [2]18 . However, nobody embedded the decision problem
into the procurement problem when complementarities among
goods hold, nobody analyzed the procurement decisions in
conjunction with the outsourcing decisions in a combinatorial
scenario.
Finally, no real world benchmarks of CAs have been
reported in the literature. Many efforts have been done so
far to generate plausible data sets to be employed to test
WDP algorithms. Even some experiments have been run with
human bidders ([8] and [39]). Nonetheless, as pointed out in
[42], such data sets are not useful for assessing the WDP
computational complexity. In the absence of test suites, it
is common practice to artificially generate data sets. Some
examples are [24], [10], and [22] for single-unit CAs, and
[41] for multi-unit CAs. Multi-unit CAs have also been tested
employing multidimensional knapsack problem benchmarks,
borrowed from the operations research community. A more
realistic approach to generate bids is presented in [42], where
complementarity relationships among goods are made explicit
at bid generation time. Another realistic approach is taken
in [3], where the authors design bidding strategies that efficiently identify desirable bundles in the framework of the
18 For a general review on decision support to supply chain management
refer to [23].
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transportation industry domain (focusing therefore on singleround, first-price, sealed-bid forward CAs). Walsh in [64]
simulates the behavior of bidders in a supply chain formation
environment. Even though he introduces bids on transformation processes, we cannot exploit his results since they are only
valid within the context of supply chain formation. Although
a large amount of literature has been devoted to studying the
generation of bids, we cannot exploit such results since none
takes into account t-relationships in a context similar to ours.
Thus, our contribution along this direction stems from the
design and implementation of a generator of data sets that
includes t-relationships among goods.
X. C ONCLUSIONS

AND

F UTURE W ORK

A. Conclusions
Most of the currently studied and employed combinatorial
auctions deal with the negotiation of goods, disregarding
eventual production relationships holding among them. The information about such relationships helps improve the outcome
of a negotiation. In order to fill this gap, we introduced a novel
combinatorial auction extensions that help in determining the
revenue-maximizing strategy for partner selection in supply
chain network design and planning. The new auction type,
called Multi Unit Combinatorial Reverse Auctions with Transformability Relationships among Goods (MUCRAtR), copes
with make-or-buy decisions.
In section I-B2, we thoroughly described the requirements
that must be fulfilled in order to solve make-or-buy decision
problems. Since we built upon combinatorial auctions, we also
explained the limitations of CAs that hinder their application
to our problem. In table IX we recall both the requirements
and the corresponding CAs limitations associated with the
make-or-buy decision problem. We observed that all the CAs
limitations stem from the fact that they can neither express nor
represent an auctioneer’s internal manufacturing operations.
The first requirement hindering the application of CAs to
our problem is that they can neither represent internal manufacturing operations nor the producer/consumer relationships
among them. In order to apply CAs to solve the make-orbuy decision problem, we provided a formal framework to
represent internal manufacturing operations. At this aim we
decided to employ Place/Transition Nets (PTNs) [55] because:
(1) they naturally help capture the notion of manufacturing
operation;
(2) they have a well-defined semantics that can naturally
accommodate the notion of sequence of operations and
consumer/producer relationships;
(3) they have an integrated description of both states and
actions to characterize the search space where operations
occur;
(4) they have a large number of formal analysis methods
that allow the investigation of structural and behavioral
(dynamic) properties of the net; and
(5) they have a graphical representation that is intuitively
very appealing to study problems related to the topology
of the supply chain.
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Requirements
express a request on bundles of goods
express an auctioneer’s initial stock
express producer/consumer relationships among internal operations
specify an auctioneer’s final requirements
express relationships among manufacturing operations,
auctioned goods, and received bids
formally and graphical represent the search space
associated to the auctioneer’s decision problem
specify the auctioneer’s internal cost structure
information about which in-house operations to perform
and in which order
TABLE IX
R EQUIREMENTS OF TO THE make-or-buy

Thus, we modelled the internal production structure of an
auctioneer by means of a PTN, that we referred to as P T NI .
Not only does this formal representation allow to describe
the quantity of resources either produced or consumed by a
manufacturing operation, the producer/consumer relationships
among operations, and the quantity of goods available to an
auctioneer after each operation, but it also allow to express
preconditions over a manufacturing operation by means of a
firing rule. By the application of the firing rule, we impose
that a manufacturing operation can only be run if its input
goods are available. This property is critical for the correct
representation of a production process: the implementation
order of a production process is constrained by the availability
of resources at each step.
Then, a P T NI completely specifies an auctioneer’s internal
manufacturing operations and the producer/consumer relationships among them (requirement (5) in table IX). Moreover, a
P T NI allows an auctioneer to specify his requirements and
communicate them to bidders (requirement (4) in table IX).
This is obtained by specifying a configuration (marking) to end
up with. If an auctioneer communicates to a set of bidders his
P T NI along with a description of the final state of such PTN
describing his requirements, then the bidders can infer all the
possible configurations of offers fulfilling such requirements.
Next, in order to express the relationships among internal
manufacturing operations, auctioned goods, and received bids (
requirement (3) in table IX), we incorporated the received bids
into P T NI . At this aim, we exploited the fact that a bid that
offers goods can be regarded as a transition (bid transition) that
injects tokens into P T NI . Unlike transitions corresponding to
manufacturing operations, bid transitions do not consume input
resources and can be fired only once. The P T NI augmented
with bid transitions was called P T NE (where E stands for
Extended).
By means of a P T NE , an auctioneer can compactly express
all the possible outcomes of any of his possible decisions.
By decision we mean the selection of bids together with a
sequence of internal operations to perform. Thus, a P T NE
both formally and graphically represents the search space
associated to the auctioneer’s decision problem (requirement
6 in table IX). We successfully linked bids, manufacturing

CAs
X

MUCRAtR
X
X
X
X
X
X
X
X

PROBLEM .

operations, and goods at auction, and we fully represent all
the possible decisions an auctioneer may take in a unified
representation.
However, the goal of the auctioneer is not only to find a
feasible outcome, but also to find an outcome that minimizes
his costs. Thus, an auctioneer needs to quantify the cost
associated to each decision. With this aim, he has to associate
a cost to the selection of a bid, and a cost to the performance
of a manufacturing operation. Unfortunately, in their original
definition, place transition nets do not incorporate the notion of
cost associated to the firing of a transition. Then, we defined
a new type of Place Transition Net, the so-called Weighted
Place Transition Nets (WPTN), to express the notion of cost
associated to transition firings or to the firing of sequences of
transitions.
Then, we transformed both P T NI and P T NE into WPTNs
by associating to each operation transition the cost of the
corresponding manufacturing operation and to each bid transition the bid cost. The resulting WPTNs were called Transformability Network Structure (TNS) and Auction Net respectively: a TNS completely describes an auctioneer’s internal
manufacturing operations, whereas an Auction Net compactly
represents the set of possible auctioneer’s decisions along
with the corresponding cost. Then, Transformability Network
Structure and Auction Net allow the auctioneer to express his
internal cost structure and to incorporate it into his decision
problem (requirement (7) in table IX).
The auctioneer needs to select the set of offers along with
the sequence of internal manufacturing operations to perform
that minimize his costs and allow him to obtain his final
requirements (point (8) in table IX). With this purpose, we
defined the auctioneer’s decision problem as an optimization
problem on the Auction Net. Thus, we introduced a new
type of reachability problem over WPTNs, and called this
new optimization problem the Constrained Maximum Weight
Occurrence Sequence Problem (CMWOSP). Intuitively, this
optimization problem involves finding an optimal cost sequence of transitions on a WPTN that leads to a final state
which fulfils some constraints.
Additionally, we provided an important result on the CMWOSP. We showed that the CMWOSP can be solved by
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means of Integer Programming on acyclic WPTNs, namely
on WPTNs that do not contain any directed cycle.
The CMWOSP perfectly captures the semantics of the
auctioneer’s decision problem in a MUCRAtR: to find the set
of bid and operation transitions that minimizes an auctioneer’s revenue. Thus, we formalized the auctioneer’s decision
problem in a MUCRAtR as a CMWOSP on the Auction Net.
Two major benefits, and therefore contributions, stemmed from
the formalization of the MUCRAtR WDP by means of a
CMWOSP:
(1) the CMWOSP provides as a result both the set of bids
to accept and the sequence of operations to perform
in order to obtain the auctioneer’s final requirements
(requirement (8) in table IX);
(2) the make-or-buy decision problem can be solved by
means of Integer Programming for a large class of
supply chain network topologies (acyclic).
Summarizing, we provide the auctioneer with a formalism to
express his requirements and to communicate them to bidders;
and a rule for determining the optimal allocation, i.e. the
set of winning bids and the sequence of internal operations
to perform. In this way we provide a solution to all the
requirements needed for extending combinatorial auctions for
dealing with the make-or-buy decision problem.
The solution to the WDP that we provide can be employed
as a decision support system in different settings:
• Combinatorial auctions. As a winner determination
solver in a MUCRAtR.
• Negotiation. A buyer, after receiving a set of offers from
his providers, can compute the best offers and eventually
counter-offer.
• What-if supply chain analysis. A buyer, aware of the
prices and capacities of his providers, can test different
configurations of his supply chain.
Furthermore, we have performed a set of experiments to
empirically evaluate the benefits and drawbacks of introducing t-relationships. Our experiments have shed light along
two main directions. Firstly, they have helped identify the
negotiation conditions under which MUCRAtR is expected
to lead to savings with respect to MUCRA, namely negotiations: (1) with high-capacity providers; (2) for which the
likelihood of exploiting transformations is high; (3) run by an
auctioneer/buyer whose transformation costs are lower than the
providers’ ones; and (4) in markets where providers’ offers
are scattered. Secondly, our experiments also confirm that
MUCRAtR is indeed computationally harder than MUCRA. In
particular we notice that the most critical parameters affecting
the MUCRAtR WDP solver performances are: (1) the number
of offered units; (2) the number of required units; (3) the
number of bids; and (4) the number of negotiated goods. From
these observations, we conclude that it is worth employing
MUCRAtR instead of MUCRA under a significant number
of negotiation conditions. If so, we must keep in mind that,
as a general trend, the more the expected savings the more
the performance penalty. Furthermore, we can also conclude
that the providers’ capacities is the most sensitive parameter to
help a buyer/auctioneer to get insights on the expected savings
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under some particular negotiation scenario.
B. Future Work
We envision several paths to future development. On the
theoretical side, mechanism design and further analysis on
families of petri nets (not just acyclic). On the computational
side, local algorithms. On the practical side, assess the value
of our approach in actual scenarios with real-world data (for
instance in the automotive industry).
It is for sure a matter of discussion whether a buyer
should communicate to bidders its TNS. This problem should
be probably faced employing a game theoretic perspective.
Yet, it is a matter of future study to understand which type
of negotiation is a combinatorial auction without a public
winning rule.
Finally, we believe that providing decision support for
bidders in MUCRAtR is necessary to help them cope with
the complexity of participating in a combinatorial negotiation
scenario.
It seems quite natural also to consider a further extension.
If an auctioneer can incorporate into the auction its internal
operations, why not to incorporate information about the
bidders’ internal operations as well? That is, in a MUCRAtR
an auctioneer decides whether to produce in-house or to buy
as already made the goods he requires. However, there is a
third possibility, a bidder may offer to perform an operation
for the auctioneer. In such a case, the auctioneer would be able
to outsource not only goods, but manufacturing operations or
services as well.
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